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Wkh Vhuldo Frvw Vkdulqj Uxoh kdv ehhq frqfhlyhg ruljlqdoo| iru sureohpv zkhuh djhqwv dvn
iru glhuhqw txdqwlwlhv ri dq krprjhqhrxv sulydwh jrrg/ wkh vxp ri zklfk lv surgxfhg e| d
vlqjoh idflolw|1 Lq wklv frqwh{w/ lw lv hqgrzhg zlwk d ydulhw| ri ghvludeoh htxlw| dqg frkhuhqf|
surshuwlhv1 Wklv sdshu lqyhvwljdwhv wkh h{whqvlrq ri wklv uxoh wr wkh frqwh{w zkhuh djhqwv dvn
pdq| jrrgv wkdw pd| eh vshflf wr vrph ri wkhp dqg zkhuh wkh djjuhjdwlrq uxoh pd| eh
yhu| jhqhudo1 Lw ehjlqv zlwk d v|vwhpdwlf dqdo|vlv dqg vrph h{whqvlrq ri glhuhqw surshuwlhv
irxqg lq wkh olwhudwxuh rq frvw vkdulqj1 Lw wkhq vkrzv wkdw/ zkloh wkh h{whqvlrq ri wkh Vhuldo
Frvw Vkdulqj Uxoh wr wkh jhqhudo frqwh{w lv srvvleoh/ lw lqyroyhv d frqvlghudeoh zhdnhqlqj ri
vrph ri wkh surshuwlhv wkdw krog zlwk d vlqjoh sulydwh jrrg/ zkhq wkh| pxvw qrw vlpso| eh
dedqgrqhg1
Nh|zrugv= Vhuldo frvw vkdulqj/ pxowl surgxfwv/ jhqhudo djjuhjdwlrq1
MHO Fodvvlfdwlrq= G96/ F:4
Uìvxpì
Od uëjoh gh sduwdjh vìtxhqwlho ghv frþwv d ìwì frqêxh ã o*ruljlqh srxu oh fdv rü ohv ghpdqghv
ghv djhqwv sruwhqw vxu xq elhq sulyì krprjëqh/ surgxlw sdu xqh whfkqrorjlh qrq uhsur0
gxfwleoh1 Gdqv xq who frqwh{wh/ fhwwh uëjoh vdwlvidlw gh qrpeuhxvhv sursulìwìv g*ìtxlwì hw gh
frkìuhqfh1 Gdqv fhw duwlfoh/ rq ìwxglh o*h{whqvlrq gh fhwwh uëjoh dx{ fdv rü ohv ghpdqghv
ghv djhqwv shxyhqw íwuh ghv yhfwhxuv txl qh uhsuìvhqwhqw sdv irufìphqw ghv elhqv krprjëqhv
hqwuh ohv djhqwv hw grqw o*djuìjdwlrq qh vh idlw sdv xqltxhphqw yld od vrppdwlrq1 Rq frp0
phqfh sdu xqh dqdo|vh v|vwìpdwltxh gh glìuhqwhv sursulìwìv gh pìwkrghv gh sduwdjh ghv
frþwv ìqrqfìhv gdqv od olwwìudwxuh hw sdu xqh h{whqvlrq gh fhuwdlqhv g*hqwuh hoohv1 Rq prq0
wuh qrwdpphqw tx*lo hvw srvvleoh gh jìqìudolvhu gh idêrq vdwlvidlvdqwh od uëjoh vìtxhqwlhooh
gh sduwdjh ghv frþwv pdlv txh fhw h{huflfh lpsrvh xq ddleolvvhphqw lpsruwdqw/ yrluh xq
dedqgrq sxu hw vlpsoh/ gh fhuwdlqhv sursulìwìv txl vrqw vdwlvidlwhv dyhf xq vhxo elhq sulyì1Frqwhqwv
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Wkh Vhuldo Frvw Vkdulqj Uxoh kdv uhfhlyhg pxfk dwwhqwlrq vlqfh lwv lqwurgxfwlrq e| Vkhqnhu
+4<<3, dqg lwv h{whqvlyh dqdo|vlv e| Prxolq dqg Vkhqnhu +4<<5/ 4<<7,1 Lw kdv ehhq frqfhlyhg
ruljlqdoo| iru sureohpv zkhuh ? d j h q w vd v ni r ug l  h u h q wt x d q w l w l h vr ids u l y d w hj r r g /w k h
vxp ri zklfk lv surgxfhg e| d vlqjoh idflolw|1 Wklv uxoh fdq eh frqvwuxfwhg iurp wzr hwklfdo
d{lrpv= Htxdo Wuhdwphqw ri Htxdov +lq whupv ri ghpdqgv, dqg Lqghshqghqfh ri Odujhu
Ghpdqgv +d surwhfwlrq ri vpdoo ghpdqghuv djdlqvw odujhu rqhv,1 Dv vkrzq e| Prxolq dqg
Vkhqnhu +4<<5/ 4<<7,/ lw vdwlvhv rwkhu lqwhuhvwlqj surshuwlhv dv zhoo1 Lw lv wkhuhiruh qdwxudo
wr lqyhvwljdwh zkhwkhu wklv uxoh fdq eh h{whqghg wr pruh jhqhudo sureohpv zkloh nhhslqj
wkhvh surshuwlhv1
Vsuxprqw +4<<;, eulqjv vrph krsh e| sursrvlqj dq h{whqvlrq ri wkh vhuldo uxoh iru wkh
fdvh zkhuh hdfk djhqw ghpdqgv d vshflf vlqjoh jrrg1 Wklv uxoh/ zklfk kh fdoov wkh D{ldo
Vhuldo Uxoh/ dovr kdv dq lqwhuhvwlqj fkdudfwhul}dwlrq1 Nrvwhu hw do1 +4<<;, sursrvh d vlplodu
h{whqvlrq/ zklfk wkh| fdoo wkh Udgldo Vhuldo Uxoh/ iru wkh frqwh{w zkhuh djhqwv ghpdqg
vhyhudo exw krprjhqhrxv sulydwh jrrgv1 Qrqh ri wkh wzr sureohpv frqvlghuhg e| wkhvh
dxwkruv lv pruh jhqhudo wkdq wkh rwkhu1 Rxu sdshu frqvlghuv d pruh jhqhudo frqwh{w zkhuh
hdfk djhqw ghpdqgv d olvw ri jrrgv wkdw pd| eh sulydwh/ sxeolf/ ru vshflf wr vrph djhqwv
dqg zkhuh djjuhjdwh ghpdqg lv qrw qhfhvvdulo| wkh vxp ri lqglylgxdo ghpdqgv1
Wkh sdshu ehjlqv zlwk d v|vwhpdwlf dqdo|vlv ri glhuhqw surshuwlhv ri frvw vkdulqj uxohv
irxqg lq wkh olwhudwxuh1 Wkhvh surshuwlhv duh wudqvsrvhg ru h{whqghg wr wkh jhqhudo frqwh{w
zkhqhyhu srvvleoh1 Krzhyhu/ vrph ri wkhvh surshuwlhv duh lqfrpsdwleoh lq wklv frqwh{w1 Wkh
sdshu wkhq vkrzv wkdw wkh fkdudfwhul}dwlrq ri wkh Udgldo Vhuldo Uxoh e| Nrvwhu hw do1 +4<<;,/
zlwk wkh Htxdo Wuhdwphqw ri Htxlydohqw Ghpdqgv +lq whupv ri vwdqg0dorqh frvwv, dqg wkh
Udgldo Vhuldo Sulqflsoh +d zhdnhu irup ri Lqghshqghqfh ri Odujhu Ghpdqgv,/ h{whqgv wr wklv
jhqhudo frqwh{w1 Wklv uxoh vdwlvhv rwkhu surshuwlhv dv zhoo exw d fkdudfwhul}dwlrq lq whupv
ri wkhvh rwkhu surshuwlhv vhhpv wr eh lpsrvvleoh1 Lq sduwlfxodu/ d fkdudfwhul}dwlrq vlplodu wr
wkh rqh ri Prxolq dqg Vkhqnhu +4<<7, ru hyhq Vsuxprqw +4<<;, lv lpsrvvleoh1
Wkh sdshu lv rujdql}hg dv iroorzv1 Lq Vhfwlrq 5/ zh uhylhz vrph ri wkh nqrzq uhvxowv rq
vhuldo frvw vkdulqj dqg lwv jhqhudol}dwlrq dqg lq sduwlfxodu wkrvh ri Nroslq +4<<9,/ Vsuxprqw
+4<<;, dqg Nrvwhu hw do1 +4<<;,1 Zh dovr jlyh dq ryhuylhz ri wkh sdshu1 Wkh irupxodwlrq
ri wkh sureohp dqg wkh pdlq ghqlwlrqv duh jlyhq lq Vhfwlrq 61 Zh suhvhqw dq h{dpsoh
wr looxvwudwh wkh lpsruwdqfh ri wkh pruh jhqhudo irup ri wkh sureohpv wr eh frqvlghuhg1
Wkh glhuhqw vhuldo frvw vkdulqj uxohv duh ghqhg lq Vhfwlrq 71 Wkh surshuwlhv wkdw fdq eh
lpsrvhg rq d frvw vkdulqj uxoh duh suhvhqwhg dqg h{whqvlyho| glvfxvvhg lq Vhfwlrq 81 Qrw
5doo ri wkhvh surshuwlhv duh frpsdwleoh ehwzhhq wkhpvhoyhv1 Vrph lqfrpsdwlelolw| uhvxowv duh
suhvhqwhg lq Vhfwlrq 91 Wkh fkdudfwhul}dwlrq ri wkh vhuldo h{whqvlrq iru wkh jhqhudo frqwh{w
lv wkh remhfw ri Vhfwlrq :1 D eulhi frqfoxvlrq iroorzv dv Vhfwlrq ;1 Orqj surriv duh froohfwhg
lqwr dq dsshqgl{1
5R y h u y l h z r i w k h s d s h u
Zlwk wkh ruljlqdo vhuldo frvw vkdulqj uxoh/ djhqwv duh rughuhg dffruglqj wr wkhlu ghpdqgv1
Wkhq/ wkh frvw ri surgxflqj dq ? wlphv uhsolfdwlrq ri djhqw *v ghpdqg/ zklfk lv fdoohg dq
lqwhuphgldwh ghpdqg/ lv vkduhg htxdoo| dprqj doo djhqwv1 Lq dgglwlrq/ djhqwv 2 wr ? pxvw
ehdu htxdoo| wkh lqfuhphqwdo frvw ri dqrwkhu lqwhuphgldwh ghpdqg frqvlvwlqj ri dq ?  
wlphv uhsolfdwlrq ri djhqw 2*v ghpdqg1 Zh wkhq jr wr wkh lqfuhphqwdo frvw ri surgxflqj dq
?  2 wlphv uhsolfdwlrq ri djhqw *v ghpdqg dqg vr rq xqwlo wrwdo ghpdqg lv vdwlvhg1
Lq d pruh jhqhudo frqwh{w/ wkh sureohp lv wkh frpsdulvrq dqg rughulqj ri glhuhqw olvwv ri
jrrgv1 D qdwxudo rughu lv wkh rqh fruuhvsrqglqj wr wkh vwdqg0dorqh frvwv ri wkhvh ghpdqgv1
Xvlqj wklv rughu/ Vsuxprqw +4<<;, sursrvhv dq h{whqvlrq ri wkh vhuldo uxoh iru wkh fdvh zkhuh
hdfk djhqw ghpdqgv d vshflf vlqjoh jrrg1 Nrvwhu hw do1 +4<<;, sursrvh d vlplodu vhuldo
h{whqvlrq iru wkh frqwh{w zkhuh djhqwv ghpdqg vhyhudo exw krprjhqhrxv sulydwh jrrgv1
Lq hvvhqfh/ wkh wzr uxohv frqvlvw lq uvw rughulqj lqglylgxdo ghpdqgv dffruglqj wr wkhlu
vwdqg0dorqh frvwv1 Qh{w/ d uvw lqwhuphgldwh ghpdqg lv frqvwuxfwhg e| uhgxflqj ghpdqgv ri
djhqwv 2 wr ? sursruwlrqdoo| +dorqj d ud| ru dq d{lv, grzq wr wkh srlqw zkhuh wkhlu vwdqg0
dorqh frvwv lv wkh vdph dv iru djhqw  D vhfrqg lqwhuphgldwh ghpdqg lv frqvwuxfwhg e|
uhgxflqj ghpdqgv ri djhqwv  wr ? sursruwlrqdoo| grzq wr wkh srlqw zkhuh wkhlu vwdqg0dorqh
frvwv lv wkh vdph dv iru djhqw 2c hwf1 Ilqdoo|/ wkh Prxolq0Vkhqnhu irupxod lv dssolhg wr wkh
frvwv ri wkhvh lqwhuphgldwh ghpdqgv1 Vsuxprqw +4<<;, fdoov klv uxoh wkh D{ldo Vhuldo Uxoh iru
wkh vlpsoh uhdvrq wkdw lqglylgxdo ghpdqgv duh uhgxfhg dorqj d{hv wr frqvwuxfw lqwhuphgldwh
ghpdqgv1 Nrvwhu hw do1 +4<<;, fdoo wkhlu uxoh wkh Udgldo Vhuldo Uxoh ehfdxvh lqglylgxdo
ghpdqgv duh uhgxfhg dorqj ud|v1
Prxolq dqg Vkhqnhu +4<<7, vkrz wkdw wkh Vhuldo Frvw Vkdulqj Uxoh hqmr|v uhpdundeoh
hwklfdo dqg frkhuhqf| surshuwlhv1 Dprqj rwkhu uhvxowv/ lw lv fkdudfwhul}hg e| wkh frpelqdwlrq
ri Dgglwlylw|/ Vhsdudelolw| +iru vhsdudeoh frvw ixqfwlrqv,/ Iuhh Oxqfk/ dqg Idlu Udqnlqj1
Dgglwlylw| uhtxluhv wkdw d uxoh |lhogv wkh vdph uhvxowv/ zkhwkhu lw lv dssolhg vhsdudwho| wr
glhuhqw frvw hohphqwv ru wr wkhlu vxpv1 Vhsdudelolw| vd|v wkdw li frvw lv d olqhdu ixqfwlrq ri
wrwdo ghpdqg/ wkhq lw vkrxog eh doorfdwhg sursruwlrqdoo| wr wkh ghpdqgv1 Iuhh Oxqfk vd|v
wkdw li wkh frvw ri dq ? wlphv uhsolfdwlrq ri dq djhqw*v ghpdqg lv }hur/ vr vkrxog eh wkh frvw
6vkduh ri wklv djhqw1 Idlu Udqnlqj/ dovr fdoohg Qr0Grplqdwlrq/ vd|v wkdw wkh frvw vkduhv ri
djhqwv vkrxog eh rughuhg dv wkhlu ghpdqgv1 Lw lpsolhv wkh Htxdo Wuhdwphqw ri Htxdov/ ri
zklfk zh vdlg wkdw lw zdv d fkdudfwhulvwlf ihdwxuh ri wkh vhuldo frvw vkdulqj uxoh wrjhwkhu zlwk
wkh Lqghshqghqfh ri Odujhu Ghpdqgv1
Wklv uxoh lv dovr lppxqh wr duelwudu| fkdqjhv lq wkh zd| rxwsxw lv phdvxuhg1 Lw vdwlvhv
d surshuw| lqwurgxfhg e| Vsuxprqw +4<<;, dqg fdoohg Ruglqdolw|/ zklfk vd|v wkdw duelwudu|
fkdqjhv lq wkh xqlwv lq zklfk rxwsxw lv phdvxuhg vkrxog qrw dhfw frvw vkduhv1 D zhdnhu
surshuw| lv Vfdoh Lqyduldqfh/ zklfk suhvfulehv wkh lqyduldqfh ri frvw vkduhv zlwk uhvshfw wr
olqhdu fkdqjhv lq wkh xqlwv1
Xqiruwxqdwho|/ wkh jhqhudol}dwlrq ri wkh Vhuldo Frvw Vkdulqj Uxoh fdq rqo| eh pdgh dw
wkh frvw ri pdq| ghvludeoh surshuwlhv1 D uvw uhvxow e| Nroslq +4<<9, vkrzv wkdw wkhuh lv
qr h{whqvlrq ri wkh vhuldo uxoh vdwlvi|lqj Vfdoh Lqyduldqfh dqg Dgglwlylw|1 Vlqfh lw lv gl!fxow
wr gurs Vfdoh Lqyduldqfh/ Nroslq*v wkhruhp ohdgv wr wkh frqfoxvlrq wkdw Dgglwlylw| pxvw eh
uhod{hg iru vxfk dq h{whqvlrq wr eh dffhswdeoh1
Lq wkh vdph yhlq/ Vsuxprqw +4<<;, vkrzv wkdw wkh Vkdsoh|0Vkxeln uxoh lv wkh rqo| rqh
wkdw vdwlvhv Dgglwlylw|/ Ruglqdolw|/ V|pphwu|/ dqg Gxpp|1 V|pphwu| lv d vwurqjhu irup ri
Htxdo Wuhdwphqw ri Htxdov1 Krzhyhu/ wkh Vkdsoh|0Vkxeln uxoh lv qrw d vhuldo h{whqvlrq1 Wkxv/
li zh lpsrvh Gxpp|/ Ruglqdolw| dqg V|pphwu| dv plqlpdo uhtxluhphqwv iru d jhqhudol}dwlrq
ri wkh vhuldo uxoh/ Dgglwlylw| pxvw eh gursshg1
Vsuxprqw +4<<;, dujxhv frqylqflqjo| iru Ruglqdolw|1 Wkh wudqvsrvlwlrq ri wklv frqfhsw
wr wkh jhqhudo frqwh{w frqvlghuhg lq wklv sdshu srvhv vrph sureohpv1 D gluhfw wudqvsrvlwlrq
ri Vsuxprqw*v ghqlwlrq/ vlplodu wr wkh rqh pdgh e| Nrvwhu hw do1 +4<<;,/ grhv qrw pdnh
pxfk vhqvh dv zh vkdoo vhh1 Lw ohdgv wr dq lqfrpsdwlelolw| wkdw plolwdwhv djdlqvw lwv dgrswlrq1
D zhdnhu irup ri lqyduldqfh lv wkxv fdoohg iru1 Vlqfh wkh Udgldo Vhuldo Uxoh rshudwhv dorqj
ud|v/ d qdwxudo zd| ri rewdlqlqj d zhdnhu surshuw| lv wr uhvwulfw Vsuxprqw*v ruglqdolw| wr
ud|v1 Wklv |lhogv d surshuw| wkdw zh fdoo Udgldo Lqyduldqfh dqg wkdw vd|v wkdw frvw vkduhv
pxvw uhpdlq wkh vdph li xqlwv duh fkdqjhg e| d wudqvirupdwlrq ixqfwlrq wkdw pdsv d ud|
rqwr lwvhoi1
D vwurqjhu irup/ exw vwloo zhdnhu wkdq Ruglqdolw|/ lv wkh Udgldo Ruglqdolw| ri Nrvwhu hw
do1 +4<<;,/ zklfk vd|v wkdw frvw vkduhv pxvw qrw fkdqjh li wkh wudqvirupdwlrq ixqfwlrq wkdw
lv dssolhg wr wkh xqlwv pdsv d ud| rqwr dqrwkhu ud| ru rqwr lwvhoi1 Zh uhqdph lw H{whqghg
Vfdoh Lqyduldqfh1 Zhuh zh wr ixuwkhu uhvwulfw wkh wudqvirupdwlrq ixqfwlrqv wr eh olqhdu dqg
srvlwlyh/ zh zrxog rewdlq Vfdoh Lqyduldqfh1
Lq wkh frqwh{w frqvlghuhg e| Vsuxprqw +4<<;,/ frqglwlrqv vxfk dv Htxdo Wuhdwphqw ri
Htxdov dqg Lqghshqghqfh ri Odujhu Ghpdqgv gr qrw kdyh pxfk elwh vlqfh ghpdqgv duh
7qrw frpsdudeoh1 Vsuxprqw +4<<;, sursrvhv vwurqjhu irupv ri wkhvh frqglwlrqv/ zklfk kh
fdoov uhvshfwlyho| V|pphwu| dqg wkh Vhuldo Sulqflsoh1 Wkh lghd ehklqg V|pphwu| lv wkdw li
wkh ghpdqgv ri wzr djhqwv fdq eh lqwhufkdqjhg zlwkrxw dowhulqj wkh wrwdo frvw/ wkhq wkh wzr
jrrgv vkrxog eh ghhphg frpsdudeoh1 Wkhq/ li wkh wzr djhqwv dvn iru d vdph txdqwlw| ri wkhvh
wzr jrrgv/ wkh| vkrxog eh fkdujhg wkh vdph dprxqw1 D vwurqjhu surshuw| lqwurgxfhg e|
Nrvwhu hw do1 +4<<;, lv Htxdo Wuhdwphqw ri Htxlydohqw Ghpdqgv/ zkhuh htxlydohqw ghpdqgv
duh ghpdqgv uhvxowlqj lq wkh vdph vwdqg0dorqh frvw1
Lq wkh vlqjoh jrrg krprjhqrxv frqwh{w/ Lqghshqghqfh ri Odujhu Ghpdqgv vd|v wkdw wkh
frvw vkduh ri dq djhqw vkrxog eh lqghshqghqw ri wkh vl}h ri wkh ghpdqgv wkdw duh odujhu
wkdq klv ru khu ghpdqg1 Zlwk vshflf jrrgv/ wkh sureohp lv djdlq wr frpsduh txdqwlwlhv ri
glhuhqw jrrgv1 Vsuxprqw*v dqvzhu lv wr rughu djhqwv dffruglqj wr wkh frvw vkduhv surgxfhg
e| wkh uxoh1 Wkhq/ wkh Vhuldo Sulqflsoh vd|v wkdw dq djhqw zkr sd|v ohvv wkdq dqrwkhu djhqw
vkrxog qrw vhh khu frvw vkduh fkdqjh li wklv rwkhu djhqw lqfuhdvhv klv ghpdqg1 Nrvwhu hw do1
+4<<;, ghqh d zhdnhu irup ri wklv surshuw| fdoohg wkh Udgldo Vhuldo Sulqflsoh/ zklfk vd|v
wkdw dq djhqw zkr sd|v ohvv wkdq dqrwkhu djhqw vkrxog qrw vhh khu frvw vkduh fkdqjh li wklv
rwkhu djhqw lqfuhdvhv klv ghpdqg dorqj wkh ud| rq zklfk lw od|v1
Vsuxprqw +4<<;, vkrzv wkdw wkh D{ldo Vhuldo Uxoh lv wkh rqo| frvw vkdulqj uxoh wkdw
vdwlvhv V|pphwu| +V,/ Udqn Lqghshqghqfh ri Luuhohydqw Djhqwv +ULLD,/ Lqghshqghqfh ri
Qxoo Djhqwv +LQD,/ Ruglqdolw| +R,/ dqg wkh Vhuldo Sulqflsoh +VS,1 +ULLD, lpsrvhv wkdw wkh
udqnlqj ri wzr djhqwv* frvw vkduhv ghshqgv rq wkhlu ghpdqgv rqo|1 D fkdqjh lq dq djhqw*v
ghpdqg pxvw qrw dhfw wkh lqwhushuvrqdo udqnlqj ri wkh rwkhu frvw vkduhv1 +LQD, vwdwhv wkdw
}hur0ghpdqghuv fdq eh hqwluho| uhpryhg iurp dq| sureohp zlwkrxw dowhulqj wkh rxwfrph
iru wkh rwkhuv1 Wklv lpsolhv wkdw }hur0ghpdqghuv sd| }hur1 Wklv lv d frqglwlrq vlplodu wr
Gxpp|1 Lw lv dfwxdoo| vwurqjhu wkdq Gxpp| zkhq wkh frvw ixqfwlrq lv vwulfwo| lqfuhdvlqj1
Nrvwhu hw do1 +4<<;, dvvhuw wkdw Vsuxprqw*v fkdudfwhul}dwlrq ri wkh D{ldo Vhuldo Uxoh grhv
qrw h{whqg wr wkh Udgldo Vhuldo Uxoh lq wkhlu krprjhqhrxv frqwh{w1 Zh uhlqirufh wkhlu uhvxow
e| vkrzlqj wkdw +VS, dqg +V, duh lqfrpsdwleoh lq wkh jhqhudo frqwh{w1 Wkxv +VS, dqg Htxdo
Wuhdwphqw ri Htxdov +HWH, duh dovr lqfrpsdwleoh lq wkhlu krprjhqhrxv frqwh{w1 +HWH, lv
udwkhu zhdn lq wkh jhqhudo frqwh{w vlqfh prvw olvwv ri ghpdqgv duh qrw frpsdudeoh1 Dv zh
vkdoo vhh/ +VS, kdv d yhu| zhdn hwklfdo frqwhqw1 Wkxv rxu wkhruhp lv wr wkh hhfw wkdw wzr
yhu| zhdn surshuwlhv duh lqfrpsdwleoh1
Jlyhq wklv lqfrpsdwlelolw| uhvxow/ wkh Udgldo Vhuldo Uxoh ri Nrvwhu hw do1 +4<<;, lv suredeo|
wkh ehvw wkdw zh fdq krsh iru1 Zh vkrz wkdw wklv uxoh lv fkdudfwhul}hg e| wkh Udgldo Vhuldo
Sulqflsoh dqg Htxdo Wuhdwphqw ri Htxlydohqw Ghpdqgv/ dv lq wkh krprjhqhrxv frqwh{w ri
Nrvwhu hw do1 +4<<;,1 Lw dovr vdwlvhv +V,/ +ULLD,/ +LQD,/ dqg H{whqghg Vfdoh Lqyduldqfh1
8Krzhyhu/ frqwudu| wr dq dvvhuwlrq ri Nrvwhu hw do1 +4<<;,/ wklv lv qrw wkh rqo| uxoh wr vdwlvi|
wkhvh surshuwlhv/ hyhq lq wkh krprjhqhrxv fdvh1
6 Wkh Frvw Vkdulqj Sureohp
Wkurxjkrxw wklv sdshu/ wkhuh lv d {hg vhw ri glylvleoh frpprglwlhv g ' icc&jdqg d
{hg vhw ri djhqwv  ' icc?jWkh frpprglwlhv pd| eh jrrgv/ fkdudfwhulvwlfv vhuylqj
wr ghvfuleh qhhgv/ ru vshflfdwlrqv ri d fhuwdlq idflolw|1 D frpprglw| pd| eh vshflf wr d
sduwlfxodu djhqw ru d vxevhw ri djhqwv1 Wklv phdqv wkdw wkhvh djhqwv duh wkh rqo| rqh wr eh
deoh wr frqvxph/ xvh/ ru hqmr| wkh frpprglw| lq txhvwlrq1 Khqfh/ wkh| zloo eh wkh rqo| rqhv
wr ghpdqg srvlwlyh txdqwlwlhv ri wklv frpprglw|1 Dv iru qrq vshflf jrrgv/ wkh| pd| eh
sulydwh ru sxeolf ru dq|wklqj lq ehwzhhq1
Iru hdfk djhqw  5 c ohw wkhuh eh d srvlwlyh lqwhjhu 6  & dqg d rqh0wr0rqh ixqfwlrq
 G icc6 j$gc vshfli|lqj wkh olvw ri jrrgv wkdw pd| eh ghpdqghg e| wklv djhqw1
Qh{w/ ohw  eh wkh udqjh ri c l1h1  ' i Ecc E6 j Lq sodlq zrugv/  lv wkh
vxevhw ri jrrgv iru zklfk djhqw  pd| dvn d srvlwlyh txdqwlw|1 Zh dvvxph wkdw g ' ^?
'
Wkxv/ iru hdfk frpprglw|/ wkhuh lv dw ohdvw rqh djhqw frqfhuqhg e| wklv frpprglw|1
Wkh ghpdqg ri djhqw  lv ghvfulehg e| d yhfwru ^ 5 U
6
n  Wkh vfdodu ^ lv wkh ghpdqg ri
frpprglw|  E 5  e| djhqw  Ohw  ' icc ?jzlwk fduglqdolw| 6 '
S?
' 6 





n  Jlyhq d vxevhw 7  
dqg ' 5 U6
nc ohw '7 5 U6
n eh wkh yhfwru rewdlqhg iurp ' e| fkdqjlqj doo frpsrqhqwv
^c5 q 7c iru frpsrqhqwv ri f
Wr frpsohwh wkh ghvfulswlrq ri wkh sureohp/ zh dvvxph wkdw wkh djhqwv mrlqwo| rzq d
idflolw| wr mrlqwo| surgxfh dq| olvw ri frpprglwlhv wkdw lv ghpdqghg1 Wkh frvw ri surgxflqj
d exqgoh t 5 U6
n lv  Et  D frvw ixqfwlrq  G U6
n $ Un dovr lqgxfhv ? vwdqg0dorqh frvw
ixqfwlrqv S G U
6






Zh vkdoo vd| wkdw S G U
6
n $ Un lv lqfuhdvlqj li +  +
 lpsolhv S E+ 	S E + 

Ohw FE6 eh wkh fodvv ri frqwlqxrxv dqg qrq0ghfuhdvlqj ixqfwlrqv  G U6
n $ Un vdw0
lvi|lqj  Ef ' f dqg zkrvh lqgxfhg ixqfwlrqv Sc' cc?c duh lqfuhdvlqj1 Zh vkdoo
zrun zlwk wklv fodvv ri ixqfwlrqv wkurxjkrxw wkh sdshu1 Zkhuhdv zh qhhg wkh plog dvvxps0
wlrq wkdw wkh S eh lqfuhdvlqj/ zh gr qrw zdqw wr lpsrvh dqg zh gr qrw qhhg wkdw  eh
lqfuhdvlqj1 Lq rwkhu zrugv/ t  t  5 U6
n dqg +  +
 iru vrph  gr qrw qhfhvvdulo| lpso|
 Et  	E t   Lqghhg/  pd| eh wkh uhvxow ri d pruh ru ohvv frpsoh{ djjuhjdwlrq dqg
9rswlpl}dwlrq surfhgxuh1 Wkxv/ lw lv qrw qhfhvvdulo| lqfuhdvlqj lq doo lwv frpsrqhqwv dv/ iru
h{dpsoh/ zkhq vrph sxeolf jrrgv duh lqyroyhg1
D frvw vkdulqj sureohp lv d sdlu E'c 5 U6
n  FE61Dfrvw vkdulqj uxoh lv d ixqfwlrq
1 G U6
n  FE6 $ U?
n vdwlvi|lqj wkh exgjhw edodqfh frqglwlrq=
? S
'
1 E'c'E ' 
Wkh yhfwru 1 E'c lv wkh olvw ri frvw vkduhv iru wkh sureohp E'c
E| lpsrvlqj vrph uhvwulfwlrqv rq wkh vhwv ri jrrgv ru rq / zh rewdlq vrph ri wkh vshfldo
fdvhv glvfxvvhg lq wkh olwhudwxuh1 Wdeoh 4 vxppdul}hv wkhlu ihdwxuhv1 Vsuxprqw +4<<;, wdnhv
w k hj r r g vd ve h l q jshuvrqdol}hg1 Zlwk vrph dexvh ri qrwdwlrq/ zh zulwh  ' ij;  Wkxv
 ' g '  lq Vsuxprqw +4<<;,1
Prxolq0Vkhqnhu & '  'g;  E t'SE
S
+ 
Nrvwhu hw do1 +4<<;,  ' g ;  Et 'SE
S
+ 
Vsuxprqw +4<<;, & ' ?  ' ij; 
Wdeoh 4= Vshfldo fdvhv
Zkhqhyhu  ' g ;c wkh jrrgv duh krprjhqhrxv1 Zkhq/ lq dgglwlrq/ doo wkh jrrgv
duh sulydwh/  lv ri wkh irup  Et 'SE
S
+ zkhuh S G U&
n $ Un Iroorzlqj Prxolq dqg
Vkhqnhu +4<<7, dqg Vsuxprqw +4<<;,/ zh fdoo wkhvh ixqfwlrqv dqg sureohpv krprjhqhrxv1
Lq rxu prgho/ dq| jrrg pd| eh sxeolf1 E| frpsdulvrq/ Prxolq +4<<7, frqvlghuv wkh vlqjoh
sxeolf jrrg fdvh1 Lq dqg Wlmv dqg Nrvwhu +4<<;,/ jrrgv pd| eh vrph frpelqdwlrq ri sulydwh
dqg sxeolf jrrgv1
Wr frpsohwh wkh ghqlwlrqv/ zh vd| wkdw d ixqfwlrq  5 FE6 lv v|pphwulf lq wkh
frpsrqhqwv  dqg  li  Et ' E t  ;t 5 U6
n zkhuh t lv wkh yhfwru t zlwk wkh
frpsrqhqwv  dqg  lqwhufkdqjhg1 Wklv uhtxluhv wkdw 6 ' 6 exw qrw qhfhvvdulo|  ' 
Di x q f w l r q5FE ?& lv v|pphwulf li lw lv v|pphwulf lq wkh frpsrqhqwv  dqg  ;c 5 
Iru d v|pphwulf ixqfwlrq/ zh ohw 6 ' & ; Wkxv/ 6 ' ?& D krprjhqhrxv ixqfwlrq lv
reylrxvo| v|pphwulf1
Iurp Wdeoh 4/ rq fdq vhh wkdw qrqh ri wkh wzr sureohpv frqvlghuhg e| Vsuxprqw +4<<;,
dqg Nrvwhu hw do1 +4<<;, lv pruh jhqhudo wkdq wkh rwkhu1 Rxu sureohp jhqhudol}hv erwk lq
uhprylqj doo uhvwulfwlrqv rq wkh vhwv ri jrrgv dqg rq wkh frvw ixqfwlrq1 Wkxv/ wkhuh pd|
eh dw ohdvw rqh djhqw  vxfk wkdw 6 :  Wkhuh pd| dovr eh dw ohdvw rqh djhqw  vxfk wkdw
 9' g Wkh odwwhu lpsolhv wkdw wkhuh duh dw ohdvw wzr djhqwv  dqg  vxfk wkdw  9' c
zklfk lq wxuq lpsolhv wkdw wkh sureohp lv qrw krprjhqhrxv1 Wkh sureohpv frqvlghuhg pd|
eh dq| pl{ ri sulydwh/ sxeolf/ dqg vshflf jrrgv1
:Zh frqfoxgh wklv vhfwlrq zlwk dq h{dpsoh wkdw looxvwudwhv wkh nlqg ri sureohp wkdw fdq w
lq wklv jhqhudo iudphzrun1 Vxssrvh wkhuh duh wkuhh flwlhv c dqg  wkdw pxvw eh vxssolhg
zlwk qdwxudo jdv iurp srlqw 7 Wkxv/ d slsholqh pxvw eh exlog wr olqn wkh wkuhh flwlhv wr wkh
vxsso| 7 Wkh srvvleoh olqnv duh uhsuhvhqwhg lq Iljxuh 41 Wkxv/  frxog eh ihg gluhfwo| iurp






Iljxuh 4= D Qhwzrun ri slsholqhv
Ohw wkhuh eh wzr shulrgv/ vxpphu dqg zlqwhu1 Hdfk flw| kdv d ghpdqg lq hdfk shulrg
dqg wklv ghpdqg lv h{shfwhg wr uhpdlq wkh vdph iruhyhu1 Wkxv/ wkh suroh ri ghpdqgv lv d
vh{wxsoh=
' 'E E ^ @rc^ @cE^Krc^ KcE^Src^ S
Qrw rqo| lv jdv lq zlqwhu glhuhqw iurp jdv lq vxpphu exw jdv dydlodeoh lq rqh flw| lv glhuhqw
iurp jdv dydlodeoh lq d glhuhqw flw|1 Jdv lv d vshflf jrrg1 Lqghhg/ vxsso|lqj dgglwlrqdo
jdv wr  kdv dq lpsdfw rq frvwv wkdw lv glhuhqw iurp wkh lpsdfw rq frvwv ri vxsso|lqj wkh
vdph txdqwlw| wr  ru 
D qhwzrun ri slsholqhv pd| eh uhsuhvhqwhg e| d  5 Ue
n vshfli|lqj wkh fdsdflw| ri hdfk
ri wkh irxu vhjphqwv cc7c71 Li zh dvvxph wkdw wkh pdujlqdo frvw ri d vhjphqw lv
ghfuhdvlqj zlwk lwv fdsdflw| dqg li frvw lv wr eh plqlpl}hg/ rqo| rqh ri wkh vhjphqwv  E
dqg 7 Ee zloo eh exlog1 Lq rwkhu zrugv/ rqo| wzr qhwzrunv duh srvvleoh=  zlwk f fdsdflw|
rq wkh odvw vhjphqw dqg 2 zlwk f fdsdflw| rq wkh uvw vhjphqw1 Fdsdflw| rq hdfk vhjphqw
ri hdfk qhwzrun ghshqgv rq wkh suroh ri ghpdqgv1 Lq rwkhu zrugv/  dqg 2 duh ixqfwlrqv
ri ' Pruh suhflvho|/  G US
n $ Ue
n lv ghqhg e|=
 E''E 4 @  i ^ Krc^ Kjc 4@ i^Src^ Sjc 4@ i^@r n ^Kr n ^Src^ @ n ^K n ^Sjc f
Lqghhg/ wkh fdsdflwlhv rq vhjphqwv  E dqg  E2 pxvw eh vx!flhqw wr fduu| wkh odujhvw
txdqwlwlhv uhtxluhg e| uhvshfwlyho|  dqg  ryhu wkh wzr shulrgv1 Pruhryhu/ wkh fdsdflw|
;rq vhjphqw 7 E pxvw eh vx!flhqw wr fduu| wkh odujhvw ri wkh wrwdo txdqwlw| uhtxluhg e|
wkh wkuhh flwlhv ryhu wkh wzr shulrgv1 2 G US
n $ Ue
n lv ghqhg lq d vlplodu zd|1
2 E''E f c4@ i^Src^ Sjc 4@ i^Kr n ^Src^ K n ^Sjc 4@ i^Krc^ Kj
Vxssrvh wkdw wkh frvw ri exloglqj d qhwzrun  lv jlyhq e| d ixqfwlrq S G Ue
n $ Un Wkhq/
 zrxog eh jlyhq e|=
 E''4  ?i SE  E ' cSE2E'j
Qr qhhg wr vd|/ wklv sureohp grhv qrw w wkh iudphzrunv frqvlghuhg e| Vsuxprqw ru Nrvwhu
hw do1 +4<<;,1
7 Wkh Vhuldo Frvw Vkdulqj Uxohv
Wkh ruljlqdo yhuvlrq ri wkh vhuldo frvw vkdulqj uxoh kdv ehhq lqwurgxfhg e| Vkhqnhu +4<<3,
dqg fkdudfwhul}hg e| Prxolq dqg Vkhqnhu +4<<5/ 4<<7, lq wkh frqwh{w zkhuh wkh lqglylgxdov
ghpdqg d vlqjoh sulydwh jrrg/ l1h1 & ' Lq wklv frqwh{w/ d frvw vkdulqj sureohp lv d sdlu
E'cS 5 U?
nFE1 Wkh suroh ri ghpdqgv ' lv d yhfwru ri U?




Vxssrvh ' 5 U?
n lv qdwxudoo| rughuhg/ l1h1 ^  ^ ?Wkhq/ frqvlghu wkh lqwhuphgldwh
ghpdqg yhfwruv ' 'E ^ 
cc^
?5U ?
nc' cc?cghqhg e| ^







 ' ^ nE ?^2c
S
 ^
 ' ^ n ^2 nE ?2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c hwf1 Wkh vhuldo uxoh








lqfuhphqwdo frvw iurp ?^ wr ^ nE?^2 Djhqw 6/ zlwk wkh qh{w orzhvw ghpdqg ^c sd|v
djhqw 5*v frvw vkduh soxv d iudfwlrq

?  2
ri wkh lqfuhphqwdo frvw iurp ^ nE ?^2 wr
^n^2nE?2^ Dqg vr rq1 Wkh suhflvh irupxod lv jlyhq lq wkh iroorzlqj ghqlwlrq zkhuh
'f 'f 
Ghqlwlrq 4 Frqvlghu d sureohp E'cS 5 U?
n  FE zkhuh ' lv qdwxudoo| rughuhg1 Wkh
Vhuldo Frvw Vkdulqj Uxoh 1
7 GU?
nFE $ U?




















<Rxu frqfhuq lv wkh jhqhudol}dwlrq ri wklv uxoh wr wkh jhqhudo frqwh{w zkhuh wkhuh duh pdq|
jrrgv dqg zkhuh djjuhjdwlrq pd| eh yhu| jhqhudo1 Lq wklv frqwh{w/ wkhuh lv qr reylrxv zd| ri
frpsdulqj yhfwruv ri ghpdqgv hvshfldoo| li wkh| duh vshflf1 Wkhuh lv dovr qr reylrxv zd| ri
frqvwuxfwlqj lqwhuphgldwh ghpdqgv1 Wkhuh lv wkxv qr reylrxv jhqhudol}dwlrq ri 1
7Dfwxdoo|/
wkhuh duh pdq| srvvleoh dyhqxhv1 D plqlpxp uhtxluhphqw iru vxfk d jhqhudol}dwlrq lv wkdw
lw uhgxfhv wr 1
7 iru sureohpv wkdw fdq eh uhgxfhg wr vlqjoh krprjhqhrxv jrrg sureohpv1
Zh wkhq vd| wkdw wkh uxoh lv d vhuldo h{whqvlrq1
Ghqlwlrq 5 D frvw vkdulqj uxoh 1 G U6
n  FE6 $ U?
n lv d Vhuldo H{whqvlrq li 1 E'c'
1
7E'cS zkhqhyhu & 'dqg  lv krprjhqhrxv/ l1h1  Et 'SE
S
+  1
D vhuldo h{whqvlrq/ iru wkh qrq0krprjhqhrxv frqwh{w 6 '; dqg &: clv wkh Gluhfw
Vhuldo Uxoh lqwurgxfhg e| Vsuxprqw +4<<;,1 Lw lv vlpso| 1
7 lq zklfk zh irujhw wkh srvvleoh






uhsodfhg e|  E'
Ghqlwlrq 6 Frqvlghu d sureohp E'c 5 U?
n  FE? zkhuh ' lv qdwxudoo| rughuhg1 Wkh
Gluhfw Vhuldo Uxoh 1
(7 G U?
n FE? $ U?






 E'   E'3
? n
c' cc?
Wkh gluhfw vhuldo uxoh grhv qrw hqmr| wkh qlfh surshuwlhv wkdw 1
7 vdwlvhv lq wkh vlqjoh
krprjhqhrxv jrrg frqwh{w1 Pruh lqwhuhvwlqj duh wkh D{ldo Vhuldo Uxoh 1
c dovr sursrvhg e|
Vsuxprqw +4<<;,/ dqg wkh Udgldo Vhuldo Uxoh 1
-7 ri Nrvwhu hw do1 +4<<;,1 Wkh| duh erwk
vhuldo h{whqvlrqv1 Zh duh lqwhuhvwhg lq 1
-7 wkdw zh qrz ghqh lq wkh jhqhudo frqwh{w1
Lq hvvhqfh/ wkh Udgldo Vhuldo Uxoh frqvlvwv lq uvw rughulqj lqglylgxdo ghpdqgv dffruglqj
wr wkhlu vwdqg0dorqh frvwv1 Qh{w/ d uvw lqwhuphgldwh ghpdqg lv frqvwuxfwhg e| uhgxflqj
ghpdqgv ri djhqwv 2 wr ? sursruwlrqdoo| +dorqj d ud|/ khqfh wkh qdph udgldo, grzq wr wkh
srlqw zkhuh wkhlu vwdqg0dorqh frvwv duh wkh vdph dv iru djhqw  D vhfrqg lqwhuphgldwh
ghpdqg lv frqvwuxfwhg e| uhgxflqj ghpdqgv ri djhqwv  wr ? sursruwlrqdoo| grzq wr wkh
srlqw zkhuh wkhlu vwdqg0dorqh frvwv duh wkh vdph dv iru djhqw 2c hwf1 Ilqdoo|/ wkh irupxod ri
wkh gluhfw vhuldo uxoh lv dssolhg wr wkh frvwv ri wkhvh lqwhuphgldwh ghpdqgv1 Lq Vsuxprqw*v
frqwh{w/ lqglylgxdo ghpdqgv duh uhgxfhg dorqj d{hv wr frqvwuxfw lqwhuphgldwh ghpdqgv/
khqfh wkh qdph d{ldo iru klv uxoh1 Lq wkh jhqhudo frqwh{w/ wkh| duh uhgxfhg dorqj ud|v/ khqfh
wkh qdph udgldo1




n  FE6  FE6 $ Un e|=
;c 5 c 4 E%c+(ScS 'VGS E V+'S E %  +4,
43E| ghqlwlrq ri FEc vxfk d qxpehu V h{lvwv dqg lv xqltxh1 Wkh udgldo vhuldo uxoh lv wkhq
ghqhg dv iroorzv1
Ghqlwlrq 7 +Nrvwhu hw do1, Jlyhq d sureohp E'c 5 U6
n  FE6c vxssrvh/ zlwkrxw
orvv ri jhqhudolw|/ wkdw djhqwv duh udqnhg dffruglqj wr wkhlu S E^=
S E^  S2 E^2  S ?E^ ?
Wkhq/ iru hdfk c frqvlghu wkh lqwhuphgldwh ghpdqg ' frqvwuxfwhg/ frpsrqhqw e| frpsr0
qhqw/ lq wkh iroorzlqj zd|=
^
 ' ^ ;   5 
^
 ' 4 E^c^ (S cS ^  ;:5






 E'   E'3
? n
c' cc?
Uhpdun 4 Zkhq 6 '; c 1
-7 uhgxfhv wr 1
 W k ho d w w h ul vg l  h u h q wi u r p1
(7 lq lwv
rughulqj ri lqglylgxdo ghpdqgv dqg lq wkh frqvwuxfwlrq ri lqwhuphgldwh ghpdqgv1
Prxolq dqg Vkhqnhu +4<<5/ 4<<7, vkrz wkdw wkh Vhuldo Uxoh 1
7 kdv lqwhuhvwlqj hwklfdo
dqg frqvlvwhqf| surshuwlhv1 Fdq zh vd| dv pxfk ri wkh Udgldo Vhuldo Uxoh 1
-7BP r u h
jhqhudoo|/ grhv wkhuh h{lvw d vhuldo h{whqvlrq wkdw srvvhvvhv wkh vdph ru vlplodu lqwhuhvwlqj
surshuwlhvB Ehiruh dgguhvvlqj wklv txhvwlrq/ zh uhylhz vrph ri wkh lqwhuhvwlqj surshuwlhv lq
wkh qh{w vhfwlrq1
8 Surshuwlhv ri Frvw Vkdulqj Uxohv
Zh h{shfw d frvw vkdulqj uxoh wr surgxfh frkhuhqw uhvxowv dqg wr reh| vrph htxlw| fulwhuld1
Wkh uvw vxevhfwlrq ghdov zlwk wkh uhtxluhphqw wkdw wkh frvw vkduhv eh lqghshqghqw ri
wkh xqlwv lq zklfk ghpdqgv duh h{suhvvhg1 Wklv fdq wdnh glhuhqw irupv1 Wkh odvw irxu
vxevhfwlrqv suhvhqw dqg uhodwh htxlw| fulwhuld1
814 Vfdoh Lqyduldqfh
Doprvw hyhu|erg| zrxog djuhh zlwk wkh uhtxluhphqw wkdw qdo frvw vkduhv vkrxog qrw ghshqg
rq wkh xqlwv lq zklfk ghpdqgv duh phdvxuhg1 Wkh uvw surshuw| ghqhg lq wklv vhfwlrq vd|v
44wkdw olqhdu exw rwkhuzlvh duelwudu| dqg lqghshqghqw uhvfdolqjv ri wkh xqlwv vkrxog qrw dhfw
qdo frvw vkduhv1 Lq wkh iroorzlqj ghqlwlrq/ 
 lv wkh Vfkxu surgxfw= ;@cK 5 U6 G @ 
 K '
E@Kcc@ 6K 6Zh vd| wkdw wzr sureohpv E'c dqg E'c5U 6
nFE6duh htxlydohqw
li wkhuh h{lvwv d b 5 U6
nn vxfk wkdw ' ' b 






Qrwh wkdw zh doorz wkdw wkh txdqwlwlhv ri d vdph jrrg ghpdqghg e| wzr djhqwv eh wudqv0
iruphg e| d glhuhqw vfdodu1 Wklv pdnhv vhqvh ehfdxvh ri wkh jhqhudo irup ri  dqg wkxv ri

Ghqlwlrq 8 D frvw vkdulqj uxoh 1 G U6
n  FE6 $ U?
n vdwlvhv Vfdoh Lqyduldqfh +VL, li
iru dq| sdlu ri htxlydohqw sureohpv E'c dqg E'c5U 6
n FE6czh kdyh 1 E'c'
1E ' c
Vsuxprqw +4<<;, dujxhv wkdw qr uhvfdolqj ri wkh xqlwv vkrxog dhfw wkh frvw vkduhv/ qrw
rqo| olqhdu rqhv1 Kh fdoov d uxoh wkdw vdwlvhv wklv uhtxluhphqw ruglqdo1 Zh lqwurgxfh klv
ghqlwlrq1 Ohw I E6 eh wkh fodvv ri vhsdudeoh/ lqfuhdvlqj dqg rqh0wr0rqh fruuhvsrqghqfhv s G
U6
n $ U6





n c' cc?cdqg ;t 5 U6
ncs E t 'E s E + ccs ?E+ ?1Q h { w /i r uh d f k
5F E 6  cohw wkh ixqfwlrq s G U6
n $ Un eh ghqhg e|=

s Et'E sE t ;t 5 U
6
n +5,
Qrz/ ohw  ' ij;  Wkhq/ d ixqfwlrq s 5I E ? lv dq ruglqdo wudqvirupdwlrq li
s 5 FE? ; 5 FE? dqg wzr sureohpv E'cc E'c 5 U ?
n FE? duh ruglqdoo|
htxlydohqw li wkhuh h{lvwv dq ruglqdo wudqvirupdwlrq s vxfk wkdw ' ' s E' dqg  ' s
Ghqlwlrq 9 +Vsuxprqw, D frvw vkdulqj uxoh 1 G U?
n  FE? $ U?
n vdwlvhv Ruglqdolw|
+R, li iru dq| sdlu ri ruglqdoo| htxlydohqw sureohpv E'c dqg E'c 5 U ?
nFE?/z h
kdyh 1 E'c'1E ' c
Xvlqj wklv ghqlwlrq/ rq fdq ghqh d qrupdol}hg htxlydohqw sureohp1
Ghqlwlrq : +Vsuxprqw, Jlyhq d sureohp E'c 5 U?























lv ruglqdoo| htxlydohqw wr E'c Wklv lv wkh d{ldoo| qrupdol}hg htxlydohqw
sureohp iru E'c1 Pruh jhqhudoo|/ d sureohp E'c 5 U?
n  FE? lv qrupdol}hg li ^ '
S E^ ; 5 c l1h1 li ghpdqgv duh h{suhvvhg lq whupv ri vwdqg0dorqh frvwv1
Uhpdun 5 Vsuxprqw*v D{ldo Vhuldo Uxoh 1
 frqvlvwv lq dsso|lqj 1













Fdq zh h{whqg wkh ghqlwlrq ri ruglqdolw| wr wkh pruh jhqhudo frqwh{wB Rqh srvvlelolw|
lv wr lpsrvh wkdw s eh vhsdudeoh zlwk uhvshfw wr lwv 6 dujxphqwv1 Pruh suhflvho|/ ohw
I8E6 eh wkh vxefodvv ri rqh0wr0rqh fruuhvsrqghqfhv s 5I E 6 vxfk wkdw hdfk s lq
wkh olvw s 'E s  ccs ? lv lwvhoi vhsdudeoh1 Zh vd| wkdw s 5I 8E6 lv d ixoo ruglqdo
wudqvirupdwlrq li s 5 FE6 ; 5 FE6c zkhuh s lv ghqhg lq +5,1 Wzr sureohpv
E'cc E'c5U 6?
n FE6 duh vdlg ixoo| ruglqdoo| htxlydohqw li wkhuh h{lvwv d ixoo ruglqdo
wudqvirupdwlrq s vxfk wkdw ' ' s E' dqg  ' s
Ghqlwlrq ; D frvw vkdulqj uxoh 1 G U6
n  FE6 $ U?
n vdwlvhv Ixoo Ruglqdolw| +IR, li iru
dq| sdlu ri ixoo| ruglqdoo| htxlydohqw sureohpv E'c dqg E'c5U 6
n FE6/z hk d y h
1E 'c'1E ' c
Dv zh vkdoo vhh lq Vhfwlrq 9/ wklv frqglwlrq ohdgv wr dq lqfrpsdwlelolw| uhvxow wkdw plolwdwhv
djdlqvw lwv lpsrvlwlrq1 Ri frxuvh/ wkh vdph lv wuxh ri wkh frqglwlrq wkdw zrxog rewdlq zlwkrxw
wkh uhvwulfwlrq wkdw s eh ixoo| vhsdudeoh1 Wr dyrlg wklv lqfrpsdwlelolw|/ zh pxvw dgrsw d
zhdnhu irup ri lqyduldqfh1 Uhfdoo wkdw wkh Udgldo Vhuldo Uxoh zrunv dorqj ud|v lq hdfk U
6
n 
Lw lv ghqhg e| dsso|lqj wkh Gluhfw Vhuldo Uxoh wr wkh uhvxowlqj rqh0glphqvlrqdo sureohp1
Wklv vxjjhvwv uhvwulfwlqj Vsuxprqw*v ruglqdolw| wr ud|v1 Dfwxdoo|/ pxfk ri wkh  dyru ri wkh
Udgldo Vhuldo Uxoh fdq eh rewdlqhg iurp wkh uhvxowlqj irup ri lqyduldqfh1
Ohw I-U E6 eh wkh vxefodvv ri rqh0wr0rqh fruuhvsrqghqfhv s 5IE 6 vxfk wkdw dq| s lq
wkh olvw s 'E s ccs ?pdsv dq| ud| ri U
6
n rqwr lwvhoi/ l1h1 phhwv wkh iroorzlqj frqglwlrq=
;+ 5 U
6
n G s Eiq+ G q 5 Unj'i q+ G q 5 Unj
Zh vd| wkdw s 5I -U E6 lv d udgldo wudqvirupdwlrq li s 5 FE6 ; 5 FE6c zkhuh s
lv ghqhg lq +5,1 Wzr sureohpv E'cc E'c5U 6
nFE6duh vdlg udgldoo| htxlydohqw li
wkhuh h{lvwv d udgldo wudqvirupdwlrq s vxfk wkdw ' ' s E' dqg  ' s Wkxv/ wzr udgldoo|
htxlydohqw sureohpv duh rq wkh vdph ud|1
46Ghqlwlrq < D frvw vkdulqj uxoh 1 G U6
n  FE6 $ U?
n vdwlvhv Udgldo Lqyduldqfh +UL,
li iru dq| sdlu ri udgldoo| htxlydohqw sureohpv E'c dqg E'c5U 6
n FE6/z hk d y h
1E 'c'1E ' c




ghqhg e| +6,1 Jlyhq d sureohp E'c 5 U6





 cc?ceh ghqhg e|=
sE+'




Fohduo|/ s 5I -U E6 Qh{w/ ohw S
3
+ G Un $ U
6
n c' cc?ceh ghqhg e|
S
3
+ Ek'V+ G S EV+'k +8,
dqg S-
' G U?












Ilqdoo|/ zh ghqh '- ' s E' dqg -
' G U6















Zh kdyh  -





















































lv udgldoo| htxlydohqw wr E'c








nFE6ghqhg e| +70:, wkh udgldoo| qrupdol}hg htxlydohqw






nFE?wkh udgldo uhgxfwlrq ri E'c
47Wkh iroorzlqj ohppd zloo eh xvhixo odwhu rq1
Ohppd 4 Jlyhq wzr frvw vkdulqj sureohpv E'ccE'c5U 6
nFE6vxfk wkdw/ ; 5 c
^
 ' q^ iru vrph q 5 Unnc wkhq/ S-
' ' S-
'
Surri1 Wdnh dq| % 5 U?
n Zh kdyh S-
' E%'E V ^ ccV ?^ ?zkhuh V lv wkh vroxwlrq ri
S EV^'% Vlploduo|/ S-












?'E V ^ ccV ?^ ?ckhqfh wkh uhvxow1
Uhpdun 6 Wkh Udgldo Vhuldo Uxoh 1














l1h1 e| dsso|lqj wkh Gluhfw Vhuldo Uxoh wr wkh udgldo uhgxfwlrq ri wkh sureohp E'c1Z k h q
dssolhg wr wklv uhgxfhg sureohp/ 1
(7 lv suhflvho| wkh D{ldo Uxoh 1
/ khqfh wkh vhfrqg htxdolw|
deryh1
Iurp wkh odvw uhpdun/ lw vkrxog eh fohdu qrz wkdw 1
-7 lqyroyhv pruh wkdq d wudqvirupdwlrq
ri wkh xqlwv1 Lw lqyroyhv d surmhfwlrq ri hdfk ghpdqg lqwr d vxevsdfh ri glphqvlrq rqh1 Wkhuh
lv d frvw dvvrfldwhg zlwk wklv uhgxfwlrq/ hyhq lq wkh krprjhqhrxv fdvh1 Dv zh vkdoo vhh/ 1
-7
lqkhulwv prvw ri wkh surshuwlhv ri 1
 exw lq d zhdnhu irup1 Pruh suhflvho|/ wkhvh surshuwlhv
duh uhvwulfwhg wr fkdqjhv dorqj ud|v dqg wkxv zloo ehdu wkh txdolhu udgldo1
Uhpdun 7 '- lv vlplodu wr wkh wudqviruphg ghpdqg ri wkh surri ri Wkhruhp 718 lq Nrvwhu
hw do1 +4<<;,1 Krzhyhu rxu -
' lv yhu| glhuhqw iurp wkhlu Ss Wxuqlqj wr wkhvh ixqfwlrqv/
qrwh wkdw -
' lv qrw qhfhvvdulo| krprjhqhrxv/ hyhq lq wkh krprjhqhrxv frqwh{w1 Lqghhg/
d krprjhqhrxv ixqfwlrq  lv ri wkh irup  Et 'S E
S
+  dqg S ' S ; Wkxv/ lq wkh
krprjhqhrxv frqwh{w/ zh fdq gurs lqgh{  iurp S
3
+  Krzhyhu/ wklv ixqfwlrq vwloo ghshqgv rq


























' lv qrw krprjhqhrxv xqohvv wkh S3
^ duh lghqwlw| ixqfwlrqv1 Pruh jhqhudoo|/ jlyhq
dq| krprjhqhrxv sureohp E'c 5 U?&
n  FE?& dqg dq| udgldo wudqvirupdwlrq sc zh kdyh
s Et 'E sE t ' SE
S?
' s E+c zklfk lv qrw krprjhqhrxv xqohvv wkh s duh lghqwlw|
ixqfwlrqv/ l1h1 s Et 't Wklv dssolhv wr wkh ixqfwlrq Ss ri Nrvwhu hw do1 vlqfh/ dffruglqj




 ' s E+ zlwk s ' s ;c Wkxv/ frqwudu| wr wkhlu
dvvhuwlrq/ Ss lv qrw krprjhqhrxv1












ghshqg rq ' lq wklv fdvh dqg wklv sureohp lv suhflvho| Vsuxprqw*v qrupdol}hg sureohp

'c





Ohw xv vxppdul}h wkh frqglwlrqv lqwurgxfhg wkxv idu1 Xqghu +VL,/ dq dgplvvleoh wudqv0
irupdwlrq pdsv d ud| rqwr d/ srvvleo| glhuhqw/ ud|1 Zlwk wkh qrq0olqhdu wudqvirupdwlrqv
ri +R, dqg +IR,/ d ud| lv qrw qhfhvvdulo| pdsshg rqwr d ud|1 Zlwk +UL,/ zh frph edfn wr
wkh uhvwulfwlrq wkdw d ud| ri U
6
n eh pdsshg rqwr lwvhoi1 Krzhyhu/ wklv ud| pd| eh vwuhwfkhg
ru frpsuhvvhg lq dq| duelwudu| zd|1 Li  ' ij; c +UL, lv lghqwlfdo wr +R,1 Lq wkh jhq0
hudo frqwh{w/ +UL, lv qhlwkhu zhdnhu qru vwurqjhu wkdq +VL,1 Lw lv qrw zhdnhu vlqfh dgplvvleoh
wudqvirupdwlrqv duh qrw qhfhvvdulo| olqhdu1 Lw lv qrw vwurqjhu vlqfh d ud| pd| eh pdsshg
rqwr d glhuhqw ud| xqghu +VL,1 D vwurqjhu frqglwlrq/ zklfk lpsolhv +VL, dqg zklfk lv dovr
vdwlvhg e| wkh Udgldo Vhuldo Uxoh/ iroorzv1
Ohw I.U E6 eh wkh vxefodvv ri rqh0wr0rqh fruuhvsrqghqfhv s 5IE 6 vxfk wkdw dq| s






n G s Eiq+ G q 5 Unj'i q+
 G q 5 Unj
Zh vd| wkdw s 5I .U E6 lv d ud|0wr0ud| wudqvirupdwlrq li s 5 FE6 ; 5 FE6c zkhuh
s lv ghqhg lq +5,1 Wzr sureohpv E'cc E'c 5 U 6
n FE6 duh vdlg ud|0wr0ud|
htxlydohqw li wkhuh h{lvwv d ud|0wr0ud| wudqvirupdwlrq s vxfk wkdw ' ' s E' dqg  ' s
Ghqlwlrq 44 D frvw vkdulqj uxoh 1 G U6
n FE6 $ U?
n vdwlvhv H{whqghg Vfdoh Lqyduldqfh
+HVL, li iru dq| sdlu ri ud|0wr0ud| htxlydohqw sureohpv E'c dqg E'c5U 6
nFE6/z h
kdyh 1 E'c'1E ' c
Uhpdun 9 +HVL, lv wkh Udgldo Ruglqdolw| ri Nrvwhu hw do1 +4<<;,1 Zh iruvdnh wkh qdph
Ruglqdolw| ehfdxvh/ xqghu wklv ghqlwlrq/ xqlwv fdqqrw eh wudqviruphg lqghshqghqwo| iurp
rqh dqrwkhu dv lq Vsuxprqw*v ghqlwlrq1 Zh dgrsw lqvwhdg wkh qdph H{whqghg Vfdoh Lqydul0
dqfh ehfdxvh dgplvvleoh wudqvirupdwlrqv pds ud|v rqwr ud|v/ dv lq +VL,/ zkloh doorzlqj iru
qrq0olqhdu wudqvirupdwlrqv1
Uhpdun : Zlwk wkh fxuuhqw ghqlwlrq ri I.U E6/ d ghpdqg vxfk dv EHcf frxog eh wudqv0
iruphg lqwr EfcD Lq rughu wkdw srvlwlyh ghpdqgv dqg rqo| srvlwlyh ghpdqgv eh pdsshg rqwr
49srvlwlyh ghpdqgv/ dv zlwk +VL,/ lw zrxog vhhp qdwxudo wr dgg wkh uhvwulfwlrq + : f / +
 : f






n G + : f / +

 : f
dqg s Eiq+ G q 5 Unj'i q+
 G q 5 Unj
Krzhyhu/ wklv uhvwulfwlrq zrxog sod| qr uroh lq wkh uhpdlqlqj ri wklv sdshu zkloh suhyhqwlqj
d ixoo frpsdulvrq ri rxu uhvxowv zlwk wkrvh ri Nrvwhu hw do1 +4<<;,1 Zh wkxv irujhw lw1
815 Htxdo Wuhdwphqw ri Htxlydohqwv
Wkh wzr hvvhqwldo ihdwxuhv ri wkh vhuldo frvw vkdulqj uxoh lqwurgxfhg e| Prxolq dqg Vkhqnhu
+4<<5, lv wkh htxdo wuhdwphqw ri htxdo ghpdqgv dqg wkh surwhfwlrq lw rhuv wr vpdoohu ghpdq0
ghuv djdlqvw odujhu rqhv1 Krzhyhu/ wkhvh wzr surshuwlhv gr qrw kdyh pxfk elwh lq wkh jhqhudo
frqwh{w vlqfh ghpdqgv ri wkh djhqwv duh qrw qhfhvvdulo| frpsdudeoh1 D uhlqirufhphqw ri wkhvh
frqglwlrqv lv wkxv lq rughu1 Vsuxprqw +4<<;, dqg Nrvwhu hw do1 +4<<;, sursrvh h{whqvlrqv ri
wkhvh surshuwlhv1 Lq wklv vxevhfwlrq/ zh uhylhz wkh ghqlwlrqv uhodwlqj wr wkh htxdo wuhdwphqw
ri htxdo ghpdqgv1 Wkh surwhfwlrq djdlqvw odujhu ghpdqgv iroorzv lq wkh qh{w vxevhfwlrq1 Zh
vwduw zlwk d surshuw| fdoohg Idlu Udqnlqj ru Qr0Grplqdwlrq/ zklfk lpsolhv htxdo wuhdwphqw
ri htxdo ghpdqgv1 Wkhvh frqglwlrqv vd| vrphwklqj rqo| iru krprjhqhrxv sureohpv1
Ghqlwlrq 45 D frvw vkdulqj uxoh 1 G U6
n  FE6 $ U?
n vdwlvhv Idlu Udqnlqj +IU, li iru
dq| krprjhqhrxv sureohp E'c 5 U?&
n  FE?& dqg c 5 c wkh iroorzlqj krogv=
^  ^ , 1 E'c  1 E'c
Ghqlwlrq 46 D frvw vkdulqj uxoh 1 G U6
n FE6 $ U?
n vdwlvhv Htxdo Wuhdwphqw ri Htxdov
+HWH, li iru dq| krprjhqhrxv sureohp E'c 5 -?&
n   E?& dqg c 5 c wkh iroorzlqj
krogv=
^ ' ^ , 1 E'c'1 E 'c
Nrvwhu hw do1 +4<<;, lqwurgxfh d vwurqjhu frqglwlrq/ edvhg rq wkh qrwlrq ri htxlydohqw
ghpdqgv1 Wkhlu lghd jrhv dv iroorzv1 Li iru vrph sureohp E'c 5 U?&
n  FE?&c^ dqg ^
duh htxlydohqw dffruglqj wr vrph elqdu| uhodwlrq rq U&
n/ wkhq/ zh vkrxog kdyh 1 E'c'
1 E 'c D yhu| qdwxudo fulwhulrq wr rughu wzr lqglylgxdo ghpdqgv lv wkhlu vwdqg0dorqh
frvw1 Wkxv/ ^ dqg ^ duh htxlydohqw li S E^'S E ^ Wklv fulwhulrq dovr pdnhv vhqvh lq wkh
jhqhudo frqwh{w1 Dgrswlqj wklv fulwhulrq |lhogv wkh iroorzlqj uhlqirufhphqw ri wkh deryh wzr
surshuwlhv1
4:Ghqlwlrq 47 D frvw vkdulqj uxoh 1 G U6
n FE6 $ U?
n vdwlvhv Idlu Udqnlqj zlwk uhvshfw
wr vwdqg0dorqh frvw +IUY, li iru dq| krprjhqhrxv sureohp E'c 5 U?&
n  FE?& dqg
c 5 c wkh iroorzlqj krogv=
S E^  S E^ , 1 E'c  1 E'c
Ghqlwlrq 48 D frvw vkdulqj uxoh 1 G U6
n  FE6 $ U?
n vdwlvhv Htxdo Wuhdwphqw ri
Htxlydohqwv +HWY, li iru doo E'c 5 -6
n   E6 dqg c 5 c wkh iroorzlqj krogv=
S E^'S E ^ ,1 E 'c'1 E 'c
Vsuxprqw +4<<;, xvhv wkh surshuw| ri V|pphwu| lqvwhdg/ zklfk fdq dovr eh h{whqghg
wr wkh jhqhudo frqwh{w1 Frpsdulqj wkh ghpdqgv ri wzr glhuhqw djhqwv grhv qrw lq jhqhudo
pdnh vhqvh1 Lw grhv pdnh vhqvh krzhyhu li wkh wzr olvwv ri jrrgv ghpdqghg e| wkh wzr djhqwv
duh vx!flhqwo| vlplodu1 Rqh flufxpvwdqfh lq zklfk wkh jrrgv ghpdqghg e| djhqw  fdq eh
ghfoduhg vlplodu wr wkrvh ghpdqghg e| djhqw  lv zkhq wkh frvw ixqfwlrq lv v|pphwulf lq wkh
frpsrqhqwv  dqg c l1h1  Et 'E t  ;t 5 U6
n
Ghqlwlrq 49 D frvw vkdulqj uxoh 1 G U6
n  FE6 $ U?
n vdwlvhv V|pphwu| +V, li iru doo
E'c 5 -6
n  E6 dqg c 5  vxfk wkdw  lv v|pphwulf lq wkh frpsrqhqwv  dqg c wkh
iroorzlqj krogv=
^ ' ^ , 1 E'c'1 E 'c
Wkh iroorzlqj ohppd zloo eh xvhg wr vkrz wkdw +HWY, lpsolhv +V,1
Ohppd 5 Iru dq|  5 F E6 wkdw lv v|pphwulf lq wkh frpsrqhqwv  dqg c zh kdyh S E%'





t t   
'

t t   
'S E % iru dq| t 5 U6
n vxfk wkdw + ' + ' %
Uhfdoo wkdw zh pxvw kdyh 6 ' 6 lq wklv fdvh1 Wkh plggoh htxdolw| iroorzv iurp wkh idfw
wkdw wkh glhuhqfh ehwzhhq t t dqg t t dprxqwv wr dq lqwhufkdqjh ri wkh frpsrqhqwv 
dqg 
Fruroodu| 6 +HWY, lpsolhv +V,/ zklfk lpsolhv +HWH,1
Surri1 Frqvlghu d sureohp E'c 5 U6
n FE6 dqg c 5  vxfk wkdw  lv v|pphwulf
lq wkh frpsrqhqwv  dqg  Wkhq/ e| Ohppd 5/ ^ ' ^ , S E^'S E ^  'S E ^   E|
+HWY,/ 1 E'c'1 E 'c dv uhtxhvwhg e| +V,1 Wkh vhfrqg lpsolfdwlrq lv dovr wuxh vlqfh
wkh krprjhqhlw| ri  lpsolhv lwv v|pphwu|1
4;Wkh frqyhuvh lv qrw wuxh lq jhqhudo1 +HWH, grhv qrw lpso| +V, vlqfh d frvw ixqfwlrq pd|
eh v|pphwulf zlwkrxw ehlqj krprjhqhrxv1 Rqo| iru krprjhqhrxv sureohpv duh +V, dqg
+HWH, lghqwlfdo1 +V, grhv qrw lpso| +HWY, vlqfh zh fdq kdyh S E^'S E ^ zlwkrxw kdylqj
^ ' ^ Krzhyhu/ zh kdyh wkh iroorzlqj sduwldo uhvxow iru wkh fdvh  ' ij;  1
Wkhruhp 7 Ohw  ' ij;  1 Wkhq/ wrjhwkhu +V, dqg +R, lpso| +HWY, iru doo sureohpv
E'c 5 U?
n  FE? vxfk wkdw wkh frvw ixqfwlrq  ghqhg e| +6, lv v|pphwulf1
Surri1 Frqvlghu d sureohp E'c 5 U?
n  FE? dqg c 5  vxfk wkdw S E^'S E ^ 
dqg wkh htxlydohqw sureohp

'c
ghqhg e| +6,1 E| ghqlwlrq/ S E^'S E ^ lpsolhv
^
 ' ^














Uhpdun ; Wkh v|pphwu| ri d ixqfwlrq  5 FE? lpsolhv wkh v|pphwu| ri  Lqghhg/
e| Ohppd 5/ ;t 5 U?
nc+ '+ ,S
3 
 E +  'S
3 
 E + 'S
3 





 E + , E t' E t 
Wkh frqyhuvh lv qrw wuxh1  pd| eh v|pphwulf hyhq li  lv qrw1 Frqvlghu wkh ixqfwlrq
 G U2
n $ Un ghqhg e|  E+c+ 2'+ n2
 + 2 Lq wkh frqwh{w U2
n  FE2c wklv |lhogv
S Ek'kc S2 Ek'2
kdqg  E+c+ 2'+ n+ 2Wkh ixqfwlrq  lv v|pphwulf zkloh  zdv
qrw1 Wklv h{dpsoh dovr vkrzv wkdw wkh v|pphwu| ri d frvw ixqfwlrq lv qrw suhvhuyhg xqghu
dq d{ldo ru d udgldo ruglqdo wudqvirupdwlrq1
Uhpdun < Lq Uhpdun 6/ lw kdv ehhq srlqwhg rxw wkdw 1
-7 lqkhulwv prvw ri wkh surshuwlhv ri
1
 exw lq d zhdnhu irup1 Wkhuh lv rqh h{fhswlrq wr wklv vwdwhphqw1 Wkh idfw wkdw 1
 vdwlvhv
+HWH, lpsolhv wkdw 1
-7 vdwlvhv +HWY,1 Pruh jhqhudoo|/ li d uxoh 1 G U6
n  FE6 $ U?
n lv
ghqhg iurp d uxoh 1
 G U?













lv wkh udgldo uhgxfwlrq ri E'cc wkhq 1 vdwlvhv +HWY, li 1
 vdwlvhv





/+ H W Y ,d q g
+HWH, duh htxlydohqw1
816 Wkh Vhuldo Sulqflsoh
Wklv vxevhfwlrq lv ghyrwhg wr wkh surwhfwlrq ri vpdoo ghpdqghuv zlwk uhvshfw wr odujhu gh0
pdqgv1 Wkh ruljlqdo frqglwlrq kdv ehhq ghqhg iru wkh vlqjoh sulydwh jrrg fdvh1 Zh uvw
h{whqg wkh ghqlwlrq wr wkh jhqhudo frqwh{w1 Krzhyhu/ wklv frqglwlrq grhv qrw kdyh pxfk
4<elwh lq wklv frqwh{w vlqfh ghpdqgv duh qrw qhfhvvdulo| frpsdudeoh1 Vsuxprqw +4<<;, sur0
srvhv d pruh srzhuixo frqglwlrq fdoohg wkh Vhuldo Sulqflsoh1 Krzhyhu/ lw pxvw eh zhdnhqhg
iru wkh jhqhudo frqwh{w1 Wkh vhfwlrq hqgv zlwk d uhodwhg frqglwlrq fdoohg Udqn Lqghshqghqfh
ri Luuhohydqw Djhqwv1
Ghqlwlrq 4: D frvw vkdulqj uxoh 1 G U6
n  FE6 $ U?
n vdwlvhv Lqghshqghqfh ri Odujhu
Ghpdqgv +LOG, li iru wzr frvw vkdulqj sureohpv E'c dqg E'c 5 U ?&
n  FE?& vxfk
wkdw  ' g ; dqg dq|  5  vxfk wkdw ^
 ' ^ dqg
^

 ' ^ ; 5 qijG^  	^ 
^

^  ; 5qijG^  ^ 
wkh iroorzlqj krogv=
1 E'c'1 E '
c
Lq wkh jhqhudo frqwh{w/ +LOG, kdv qr uhdo frqwhqw vlqfh ghpdqgv fdqqrw eh frpsduhg1 Lq
wkh krprjhqhrxv fdvh/ wklqjv duh ehwwhu exw wkh frqglwlrq uhpdlqv zhdn vlqfh wkh uhodwlrq
 rq U& lv qrw frpsohwh1 Qrw doo ghpdqgv fdq eh frpsduhg1 Wr reyldwh wkhvh sureohpv/
Vsuxprqw +4<<;, sursrvhv wkdw wkh ghpdqgv eh rughuhg dffruglqj wr wkh frvw vkduhv surgxfhg
e| wkh frvw vkdulqj uxoh lwvhoi1 Wklv |lhogv wkh Vhuldo Sulqflsoh/ zklfk uhtxluhv wkdw dq djhqw*v
frvw vkduh eh xqdhfwhg e| lqfuhdvhv lq wkh ghpdqgv ri wkrvh zkr lqlwldoo| sd| pruh wkdq
klp1
Ghqlwlrq 4; D frvw vkdulqj uxoh 1 G U6
n  FE6 $ U?
n vdwlvhv wkh Vhuldo Sulqflsoh +VS,
li iru wzr frvw vkdulqj sureohpv E'c dqg E'c5U 6
n FE6dqg dq|  5  vxfk wkdw
^
 ' ^ dqg
^

 ' ^ ; 5 qijG1E'c 	1 E 'c
^

  ^ ; 5 qijG1E'c  1 E'c
wkh iroorzlqj krogv=
1 E'c'1 E '
c
Zh dovr lqwurgxfh d zhdn vhuldo sulqflsoh/ zklfk zloo eh xvhixo wr hvwdeolvk vrph lqfrp0
sdwlelolw| uhvxowv1
53Ghqlwlrq 4< D frvw vkdulqj uxoh 1 G U6
n FE6 $ U?
n vdwlvhv wkh Zhdn Vhuldo Sulqflsoh
+ZVS, li iru wzr frvw vkdulqj sureohpv E'c dqg E'c5U 6
nn  FE6 dqg dq|  5 
vxfk wkdw ^
 ' ^ dqg
^
 ' ^ ; 5 qijG1E'c 	1 E 'c
^
 ' ^ ru ^
   ^ ; 5 qijG1E'c  1 E'c
+;,
wkh iroorzlqj krogv=
1 E'c'1 E '
c
Dv zh vkdoo vhh/ wkh vhuldo sulqflsoh/ hyhq lq lwv zhdn irup/ lv d yhu| ghpdqglqj frqglwlrq
lq wkh jhqhudo frqwh{w1 Lw lv qrw qhfhvvdulo| vdwlvhg e| d vhuldo h{whqvlrq1 Nrvwhu hw do1
+4<<;, sursrvh wkh iroorzlqj ohvv ghpdqglqj irup ri wklv frqglwlrq1
Ghqlwlrq 53 +Nrvwhu hw do1, D frvw vkdulqj uxoh 1 G U6
n  FE6 $ U?
n vdwlvhv wkh
Udgldo Vhuldo Sulqflsoh +UVS, li iru wzr frvw vkdulqj sureohpv E'c dqg E'c5U 6
n 
FE6dqg dq|  5  vxfk wkdw ^
 ' ^ dqg
^
 ' ^ ; 5 qijG1E'c 	1 E 'c
^
 ' q^ iru vrph q   5 U li ^ 9'f
^ 
f li ^ 'f
,
; 5qijG1E'c  1 E'c
wkh iroorzlqj krogv=
1 E'c'1 E '
c
Uhpdun 43 Lq wkh vlqjoh sulydwh jrrg fdvh/ +VS, dqg +UVS, duh erwk htxlydohqw wr +LOG,
iru uxohv wkdw vdwlvi| +IU,1
Lq Uhpdun 6/ lw kdv ehhq srlqwhg rxw wkdw 1
-7 lqkhulwv prvw ri wkh surshuwlhv ri 1
 exw
lq d zhdnhu irup1 Zh qrz kdyh d uvw h{dpsoh ri wklv skhqrphqrq1 Lw dfwxdoo| frqfhuqv
dq| uxoh wkdw lv ghqhg e| dsso|lqj dqrwkhu uxoh wr wkh udgldo uhgxfwlrq ri wkh sureohp1
Ohppd 8 Ohw d uxoh 1 G U6
n  F E6 $ U?















lv wkh udgldo uhgxfwlrq ri E'c Wkhq/ 1 vdwlvhv +UVS, li dqg rqo| li 1

vdwlvhv +VS, rq wkh fodvv ri qrupdol}hg sureohpv ri U?
n  FE?
54Surri1 Frqvlghu wzr frvw vkdulqj sureohpv E'ccE'c5U 6
n FE6dqg d  5 
vxfk wkdw ^
 ' ^ dqg=
^
 ' ^ ; 5 qijG1E'c 	1 E 'c
^
 ' q^ iru vrph q   5 U ; 5 qijG1E'c  1 E'c












 S E^ ; 5 qijG1E'c  1 E'c
Li 1
 vdwlvhv +VS, rq wkh fodvv ri qrupdol}hg sureohpv ri U?
n  FE?c wkhq/ xvlqj Ohppd














 Wkxv/ 1 E'c'1 E '  c dv uhtxhvwhg e|
+UVS,1 Wxuqlqj wr wkh rqo| li sduw/ qrwh wkdw 1 pd| eh dssolhg wr d qrupdol}hg sureohp
E'c 5 U?





'E 'cc khqfh 1 E'c'1
E 'c
Pruhryhu/ lq U?
n  FE?c +UVS, uhgxfhv wr +VS,1
Frpelqlqj Ohppd 8 dqg Uhpdun 6 |lhogv wkh iroorzlqj fruroodu|1
Fruroodu| 9 1
-7 vdwlvhv +UVS,1
Vsuxprqw +4<<;, dqg Nrvwhu hw do1 +4<<;, ghqh d surshuw| wkdw lpsrvhv rq d frvw
vkdulqj uxoh wkdw wkh udqnlqj ri wzr djhqwv* frvw vkduhv ghshqgv rq wkhlu ghpdqgv rqo|1 D
fkdqjh lq dq djhqw*v ghpdqg pxvw qrw dhfw wkh lqwhushuvrqdo udqnlqj ri wkh rwkhu frvw
vkduhv1 Zh frqfoxgh wklv vhfwlrq zlwk wkh ghqlwlrq ri wklv surshuw|1
Ghqlwlrq 54 D frvw vkdulqj uxoh 1 G U6
n  FE6 $ U?
n vdwlvhv Udqn Lqghshqghqfh ri
Luuhohydqw Djhqwv +ULLD, li iru wzr frvw vkdulqj sureohpv E'c dqg E'c5U 6
n FE6
vxfk wkdw ^ ' ^
 dqg ^ ' ^
 iru vrph c 5 c wkhq=
1 E'c  1 E'c / 1 E'
c1E'
c
817 Wuhdwphqw ri Qhjoljleoh Djhqwv
Zh lqwurgxfh wkuhh uhodwhg surshuwlhv1 Wkh| vd| wkdw djhqwv zkr kdyh d qxoo ghpdqg ru
zkrvh ghpdqg kdv/ lq vrph zd|/ d qxoo lpsdfw rq frvwv vkrxog sd| qrwklqj1 Wkh uvw
frqglwlrq lv lqwurgxfhg e| Vsuxprqw +4<<;, dqg h{whqghg e| Nrvwhu hw do1 +4<<;, wr wkh
krprjhqhrxv frqwh{w1 Zh wudqvsrvh lwv ghqlwlrq wr wkh pruh jhqhudo frqwh{w1 Lw vwdwhv wkdw
}hur0ghpdqghuv fdq eh hqwluho| uhpryhg iurp dq| sureohp zlwkrxw dowhulqj wkh rxwfrph iru
wkh rwkhuv1 Wklv lpsolhv ri frxuvh wkdw }hur0ghpdqghuv sd| }hur1 Jlyhq d suroh ' 5 U6
nc
55ohw '3 'E ^ cc^ 3c^ ncc^ ?dqg 1
.t eh wkh uhvwulfwlrq ri 1 wr surohv ri wkh irup
'3 dqg 3 eh wkh uhvwulfwlrq ri wkh frvw ixqfwlrq wr wkh uhgxfhg surohv1
Ghqlwlrq 55 D frvw vkdulqj uxoh 1 G U6
n $ U?
n vdwlvhv Lqghshqghqfh ri Qxoo Djhqwv +LQD,
li iru dq| E'c 5 U6
n  FE6 dqg dq|  5 c wkh iroorzlqj krogv
^ 'f,1
.t
 E'3c 3'1 E 'c ; 5 qij
Uhpdun 44 +LQD, lpsolhv wkdw 1 E'c'f; G^ 'f cd surshuw| fdoohg qr h{sorlwdwlrq
e| vrph dxwkruv1 Krzhyhu +LQD, vd|v pruh1 Li dq djhqw zlwk d qxoo ghpdqg lv uhpryhg
iurp wkh sureohp/ wklv pxvw qrw fkdqjh wkh frqwulexwlrqv ri wkh uhpdlqlqj djhqwv1 Wklv lv d
irup ri frqvlvwhqf|1 Wkh Udgldo Vhuldo Sulqflsoh lpsolhv wkh uvw sduw ri +LQD, exw qrw wkh
odwwhu1
Wkh qh{w frqglwlrq lv lqwurgxfhg e| Prxolq dqg Vkhqnhu +4<<7, wr fkdudfwhul}h 1
71Z h
wudqvsrvh wklv frqglwlrq wr jhqhudo exw v|pphwulf sureohpv1
Ghqlwlrq 56 D frvw vkdulqj uxoh 1 G U6
n  FE6 $ U?
n vdwlvhv Iuhh Oxqfk +IO, li iru
dq| v|pphwulf sureohp E'c 5 U?&
n  FE?& dqg dq|  5 c wkh iroorzlqj krogv=

#





 E'3c 3'1 E 'c ; 5 qij
Uhpdun 45 +LQD, lpsolhv +IO, dqg erwk lpso| 1 E'c'f; G^  'f Lqghhg/ e|
ghqlwlrq ri FEcE ^ cc^ 'flpsolhv S E^'f czklfk lpsolhv ^ 'f Wkh frqyhuvh
lv dovr wuxh zkhq 6 ' 6 ;c
Wkh qh{w surshuw| lv zhoo nqrzq iurp frrshudwlyh jdph wkhru|1 Lw vd|v wkdw li dq djhqw
grhv qrw dhfw wkh frvw ri dq| frdolwlrq wkdw vkh pljkw mrlq/ wkhq khu frvw vkduh pxvw eh
}hur1








;7  qij Dq djhqw  5  lv d gxpp| li vkh lv d gxpp| iru dq| sureohp
E'c 5 U6
n  FE6
Ghqlwlrq 58 D frvw vkdulqj uxoh 1 G U6
nFE6 $ U?
n vdwlvhv Gxpp| +G, li 1 E'c'f
iru dq| djhqw  zkr lv d gxpp| iru wkh sureohp E'c







' SE^'flpsolhv lq wxuq ^ 'f Wkxv d gxpp| iru d jlyhq sureohp
lv dovr d qxoo djhqw1
56Uhpdun 47 Iulhgpdq dqg Prxolq +4<<<, lpsrvh d zhdnhu gxpp| frqglwlrq/ zklfk uhtxluhv
wkdw 1 E'c'firu dq| djhqw  zkr lv d gxpp| iru dq| sureohp E'c 5 U6
n  FE6
dqg qrw mxvw iru wkh sureohp dw kdqg1 Wklv frqglwlrq pd| eh vr zhdn dv wr kdyh qr frqwhqw/
dv lq wkh krprjhqhrxv frqwh{w iru h{dpsoh1 Lqghhg/ ohw  ' gc ;c dqg  Et 'SE
S
+ 
Li  lv d gxpp|/ zh kdyh SE^'

' t   
'f; '5U ?&
n c l1h1 SE+'f; +5U &
n ckhqfh
 E''fdqg SE^'f; c ;' 5 U?&
n  Wkxv wkh frqglwlrq pljkw eh zulwwhq
 E''f; '5U
?&
n , 1 E'c'f; 
zklfk lv mxvw wkh exgjhw edodqfh frqglwlrq iru frvwohvv ghpdqgv1
818 Prqrwrqlflw|
Lq wklv vxevhfwlrq/ zh lqwurgxfh dqrwkhu hwklfdo frqglwlrq wkdw kdv uhfhlyhg pxfk dwwhqwlrq
lq wkh olwhudwxuh rq frvw vkdulqj1 Lw ghdov zlwk wkh zd| frqwulexwlrqv ydu| zkhq wkh ghpdqg
ri vrph djhqw fkdqjhv1 Lw wkxv kdv lqwhuhvwlqj uhodwlrqv zlwk wkh vhuldo sulqflsoh1 Krzhyhu/
wkhvh uhodwlrqv duh qrw dozd|v suhvhuyhg lq wkh jhqhudo frqwh{w1 Wkxv/ zh vkdoo kdyh wr ghqh
vrph vshfldo yhuvlrq ri wklv frqglwlrq iru wkh jhqhudo frqwh{w1
Ghqlwlrq 59 D frvw vkdulqj uxoh 1 G U6
n  FE6 $ U?
n vdwlvhv Ghpdqg Prqrwrqlflw|
+GP, li iru wzr sureohpv E'ccE'c5U 6
nFE6dqg dq|  5  vxfk wkdw ^  ^
 dqg
^ ' ^
 ; 5 qijczh kdyh 1 E'c  1 E'c
+GP, vd|v wkdw dq djhqw vkrxog h{shfw wr sd| pruh li kh lqfuhdvhv klv ghpdqg1 Wklv grhv
qrw lpso| wkdw wkh rwkhu djhqwv zloo qrw sd| pruh1 Vsuxprqw +4<<;, suryhv wkh iroorzlqj
ohppd1
Ohppd : +Vsuxprqw, Ohw  ' ij;  1 Wkhq/ d frqwlqxrxv frvw vkdulqj uxoh 1 G U?
n 
FE? $ U?
n wkdw vdwlvhv wkh Vhuldo Sulqflsoh dovr vdwlvhv +GP,1
Wkxv/ wkh D{ldo Uxoh 1
 vdwlvhv +GP,1 Zh vkrz wkdw wkh Udgldo Vhuldo Uxoh 1
-7 grhv
qrw vdwlvi| wklv surshuw|/ hyhq lq wkh krprjhqhrxv frqwh{w1
Wkhruhp ; W k hU d g l d oV h u l d oU x o h1
-7 grhv qrw vdwlvi| +GP,1
Surri1 Frqvlghu wkh krprjhqhrxv sureohp E'c 5 Ue
n  FEe zkhuh ? ' & '2 c
''E E  cfc Efc2 dqg  lv ghqhg iurp wkh ixqfwlrq S 5 FE2 G





57Dvvxph iru wkh prphqw wkdw @ ' Wkhq/ SE^' cS E ^ 2 '2 c E ' '2 c^ 
2'E f cc





































2 E'cc zklfk lv d ylrodwlrq ri +GP,1 Wkh vdph uhvxow zrxog
r e w d l qz l w kd q |@:f 
Qrwh wkdw S lv krprjhqhrxv ri ghjuhh @ dqg txdvlfrqyh{1 Lw lv frqyh{ iru @   Dy l 0
rodwlrq ri +GP, lv dovr srvvleoh zlwk d frqfdyh frvw ixqfwlrq1 Frqvlghu wkh krprjhqhrxv
sureohp E'c 5 Ue
n  FEe zkhuh ? ' & '2 c''E E e cc Eece dqg  lv ghqhg iurp
wkh ixqfwlrq S 5 FE2 G
SE+c+ 2'4  ?i
s
+ n f + 2c e2 n 0E+ n +2jc0f
Zh kdyh S E^' 2 cS E ^ 2 'e 2 cdqg  E''e 2n  0c iurp zklfk ^
2 * EfbDec fbDe
Dvvxph iru wkh prphqw wkdw 0 'f Wkhq/  E' * 22f.dqg=
1
-7
 E'c * SfDe( 1
-7
2 E'c * fbeS
Qh{w/ frqvlghu wkh suroh ' 'E E e ccEecS Zh qrz kdyh S E^' 2 cS E ^ 2 'e 2 n  f 0c dqg
 E''e 2n D 0 Vwloo zlwk 0 'f czh kdyh ^
2 'E f  .e2DD2c H dqg  E' * 2Sc








Zh kdyh djdlq d ylrodwlrq ri +GP,1 Iru S wr eh lqfuhdvlqj zh pxvw kdyh 0:f 1E | d
frqwlqxlw| dujxphqw/ wkh ylrodwlrq ri +GP, uhpdlqv iru 0:fexw vx!flhqwo| vpdoo1
Iurp Ohppd : dqg Wkhruhp ;/ zh vhh wkdw wkh Udgldo Vhuldo Uxoh 1
-7 grhv qrw vdwlvi| wkh
Vhuldo Sulqflsoh +VS,1 Wklv zdv rqh uhdvrq iru lqwurgxflqj wkh zhdnhu Udgldo Vhuldo Sulqflsoh
+UVS,1 Vlqfh wkh Udgldo Vhuldo Uxoh vdwlvhv +UVS,/ zh fdq frqfoxgh wkdw +UVS, grhv qrw
lpso| +GP,1 Lw lv wkxv dssursuldwh wr lqwurgxfh d zhdnhu irup ri ghpdqg prqrwrqlflw|/ lq
olqh zlwk +UVS, dqg Udgldo Lqyduldqfh +UL,1
58Ghqlwlrq 5: D frvw vkdulqj uxoh 1 G U6
n  FE6 $ U?
n vdwlvhv Udgldo Ghpdqg Prqr0
wrqlflw| +UGP, li iru wzr sureohpv E'ccE'c 5 U 6
n FE6 dqg dq|  5  vxfk
wkdw ^
 ' q^cq: cdqg ^ ' ^
 ; 5 qijczh kdyh 1 E'c  1 E'c
Lq vxevhfwlrq 816/ zh vdz wkdw li d uxoh 1 lv ghqhg e| dsso|lqj d uxoh 1






/1vdwlvhv +UVS, li dqg rqo| li 1
 vdwlvhv +VS, rq wkh fodvv ri qrupdol}hg
sureohpv1 Zh kdyh d vlplodu uhvxow iru ruglqdolw|1
Ohppd < Ohw d uxoh 1 G U6
n  F E6 $ U?















lv wkh udgldo uhgxfwlrq ri E'c Wkhq/ 1 vdwlvhv +UGP, li dqg rqo| li
1
 vdwlvhv +GP, rq wkh fodvv ri qrupdol}hg sureohpv ri U?
n  FE?
Surri1 Vlplodu wr wkh rqh ri Ohppd 81
Fdq zh uhsodfh +VS, dqg +GP, lq Vsuxprqw*v ohppd e| +UVS, dqg +UGP,B Wkh qh{w
wkhruhp dqvzhuv wklv txhvwlrq sduwldoo|1
Wkhruhp 43 Ohw d uxoh 1 G U6
n F E6 $ U?
n eh ghqhg iurp d uxoh 1
 G U?














lv wkh udgldo uhgxfwlrq ri E'c Li 1 lv frqwlqxrxv lq wkh ghpdqg dqg
vdwlvhv +UVS,/ wkhq lw dovr vdwlvhv +UGP,1
Surri1 E| Ohppd 8/ li 1 vdwlvhv +UVS,/ wkhq 1
 vdwlvhv +VS, rq wkh fodvv ri qrupdol}hg
sureohpv ri U?
n  FE? Dsso|lqj Ohppdv : dqg < |lhogv wkh uhvxow1
Frpelqlqj Wkhruhp 43 dqg Uhpdun 6/ zh jhw wkh iroorzlqj fruroodu|1
Fruroodu| 44 Wkh Udgldo Vhuldo Uxoh 1
-7 vdwlvhv +UGP,1
819 Vhsdudwlrq dqg Dgglwlylw|
Prxolq dqg Vkhqnhu +4<<7, frqvlghu dv d edvlf htxlw| surshuw| wkdw wkh frqwulexwlrq ri
hdfk djhqw eh sursruwlrqdo wr klv ru khu ghpdqg zkhq frvw lv sursruwlrqdo wr wkh txdqwlwlhv
ghpdqghg1 Zh jhqhudol}h wklv ghqlwlrq1
59Ghqlwlrq 5; D frvw vkdulqj uxoh 1 G U6
n  FE6 $ U?
n vdwlvhv Vhsdudwlrq +VF, li
1 E'c'S E ^ ; 5zkhqhyhu  lv ri wkh irup  Et '
[
 M 
S E + 
Wkhruhp 45 1
-7 vdwlvhv +VF,1
Surri1 Vxssrvh wkdw  lv ri wkh irup  Et '
[
 M 
S E + dqg ohw wkh djhqwv eh rughuhg
e| wkhlu vwdqg dorqh frvwv/ l1h1 S E^  S ?E^ ?Zh vkdoo surfhhg e| lqgxfwlrq1 Lw lv
hdv| wr fkhfn wkdw 1
-7
 E'c'S E ^ Qh{w/ vxssrvh wkdw iru djhqw   c zh kdyh=
1
-7
3 E'c'S  3 E ^  3  +<,






E ' E '  3 
?n
+43,
















S E^nE ?n S  3 E ^  3  +45,
Frpelqlqj +<045,/ zh jhw=
1
-7
 E'c'S E ^ 




 E'c'b ^ ; 5zkhqhyhu  lv ri wkh irup  Et 'bt zkhuh
b 5 U
6
n ; 5  dqg b 'E b ccb ?
Wklv odvw sursrvlwlrq lv dfwxdoo| krz Prxolq dqg Vkhqnhu +4<<7, ghqh +VF,/ pruh suh0
flvho| vhsdudeoh frvw/ lq wkh vlqjoh krprjhqhrxv frqwh{w1 Dqrwkhu vhsdudwlrq frqglwlrq lv
dgglwlylw| lq frvw frpsrqhqwv1
Ghqlwlrq 5< D frvw vkdulqj uxoh 1 G U6
nFE6 $ U?
n vdwlvhv Dgglwlylw| +D, li ;c 2 5
FE6c;'5U 6
ncwkh iroorzlqj krog=
1 E'cn1E 'c2'1E 'c n 2
Uhpdun 48 Nroslq +4<<9, vkrzv wkdw wkhuh lv qr h{whqvlrq ri wkh vhuldo uxoh vdwlvi|lqj Vfdoh
Lqyduldqfh +VL, dqg +D,1 Vlqfh dq| ri wkh vhtxhqwldo uxoh vdwlvhv +VL,/ wklv phdqv wkdw qhlwkhu
wkh D{ldo qru wkh Udgldo Vhtxhqwldo Uxoh vdwlvhv +D,1
5:9 Lqfrpsdwlelolw| Uhvxowv
Lq wklv vhfwlrq/ zh uvw vkrz wkdw V|pphwu| +V, dqg wkh Zhdn Vhuldo Sulqflsoh +ZVS, duh
lqfrpsdwleoh1 Vlqfh +V, lv d kdugo| glvsxwdeoh htxlw| frqglwlrq/ wkh rqo| dyhqxh ohiw lv wr
zhdnhq wkh Vhuldo Sulqflsoh +VS, lqwr d ohvv ghpdqglqj frqglwlrq vxfk dv wkh Udgldo Vhuldo
Sulqflsoh +UVS,1 Wkh odwwhu lv frpsdwleoh zlwk +V, exw wkurzlqj lq Ixoo Ruglqdolw| +IR,
ohdgv wr dqrwkhu lqfrpsdwlelolw|1 Wklv lv wkh vhfrqg pdlq uhvxow ri wklv vhfwlrq1
Wkhruhp 47 Li 6  2 iru dw ohdvw rqh c wkhuh grhv qrw h{lvw d frvw vkdulqj uxoh wkdw
vdwlvhv +V, dqg +ZVS,1
Wkh surri lv jlyhq lq Dsshqgl{ D1
Fruroodu| 48 Li 6  2 iru dw ohdvw rqh c wkhuh grhv qrw h{lvw d frvw vkdulqj uxoh wkdw
v d w l v  h v+ V ,r u+ H W H , /d q g+ Z V S ,r u+ V S , 1
Uhpdun 49 Fruroodu| 48 vkrzv wkdw Wkhruhp 5 ri Vsuxprqw +4<<;, fdqqrw eh h{whqghg
wr wkh jhqhudo frqwh{w1
Uhpdun 4: Wkhuh h{lvw uxohv wkdw vdwlvi| +V, zlwkrxw +VS,/ iru h{dpsoh wkh Udgldo Vhuldo
Uxoh1 Wkhuh duh dovr uxohv wkdw vdwlvi| +VS, zlwkrxw +V, ru +HWH,1 Iru h{dpsoh/ vxssrvh





E '  li ^ 'f c' ccdqg ^ : f
f rwkhuzlvh
1
7 vdwlvhv +VS, exw qrw +HWH,1 Lqwhuhvwlqjo|/ 1
7 lv qrw d Vhuldo H{whqvlrq1
Wkh deryh h{dpsoh vkrzv wkdw zlwkrxw +HWH, ru +V,/ +VS, kdv d yhu| zhdn hwklfdo
frqwhqw1 Zh douhdg| srlqwhg rxw wkdw +HWH, lv dovr yhu| zhdn lq wkh jhqhudo frqwh{w1 Wkxv
Fruroodu| 48 vkrzv wkdw wzr yhu| zhdn surshuwlhv duh lqfrpsdwleoh lq wklv frqwh{w1
Dv dujxhg lq wkh lqwurgxfwru| sdudjudsk ri wklv vhfwlrq/ wkh rqo| hwklfdoo| dffhswdeoh
hvfdsh iurp wkhvh lqfrpsdwlelolw| uhvxowv lv wkh zhdnhqlqj ri +VS,1 Zh qrz wdnh +UVS,/
zklfk lv frpsdwleoh zlwk +V, dqg zh dgg +IR, wr vhh zkdw kdsshqv1 Zh vwduw zlwk d ohppd1
Ohppd 49 +IR, dqg +UVS, lpso| +ZVS,1
Wkh surri lv jlyhq lq Dsshqgl{ E1
Frpelqlqj Ohppd 49 dqg Wkhruhp 47/ zh jhw wkh iroorzlqj wkhruhp1
5;Wkhruhp 4: Li 6  2 iru dw ohdvw rqh c wkhuh grhv qrw h{lvw d frvw vkdulqj uxoh wkdw
vdwlvhv +V,/ +IR,/ dqg +UVS,1
Uhpdun 4; Wkh odvw wkhruhp lv wljkw1 Lqghhg/ wkh Vkdsoh|0Vkxeln uxoh vdwlvhv +V, dqg
+IR,1 Wkh Udgldo Vhuldo Uxoh vdwlvhv +V, dqg +UVS,1 Ilqdoo|/ wkh uxoh 1
7 ghqhg deryh
vdwlvhv +IR, dqg +UVS,1
Wkxv/ li zh krog +V, dqg +UVS, dv plqlpdo htxlw| frqglwlrqv/ zh fdqqrw lpsrvh +IR,
dqg d iruwlrul pruh jhqhudo irupv ri ruglqdolw| rqwr wkh frvw vkdulqj uxoh1 Wkh rqo| hvfdsh lv
d zhdnhu irup ri vfdoh lqyduldqfh vxfk dv wkh Udgldo Lqyduldqfh +UL, ru wkh H{whqghg Vfdoh
Lqyduldqfh +HVL,1 Dfwxdoo|/ wkh Udgldo Vhuldo Uxoh vdwlvhv +HVL, wrjhwkhu zlwk +UVS, dqg
Htxdo Wuhdwphqw ri Htxlydohqw/ zklfk lv vwurqjhu wkdq +V,1 Wkh qh{w vhfwlrq lv ghyrwhg wr
wkh fkdudfwhul}dwlrq ri wklv uxoh1 Wklv lv suredeo| wkh ehvw uxoh wkdw fdq eh uhdfkhg lq wkh
vslulw ri +R, dqg +VS,1
: Fkdudfwhul}dwlrq ri wkh Udgldo Vhuldo Uxoh
Qrw vxusulvlqjo|/ sdudooholqj wkh fkdudfwhul}dwlrq ri wkh ruljlqdo Vhuldo Uxoh/ wkh Udgldo Vhuldo
Uxoh lv wkh rqo| frvw vkdulqj uxoh wkdw vdwlvhv Htxdo Wuhdwphqw ri Htxlydohqwv +HWY, dqg
wkh Udgldo Vhuldo Sulqflsoh +UVS,1 Dv idu dv zh fdq vhh/ wkhuh lv qr rwkhu fkdudfwhul}dwlrq ri
wklv uxoh frqwudu| wr zkdw zh kdyh iru wkh Vhuldo Uxoh dqg wkh D{ldo Vhuldo Uxoh1
Wkhruhp 4; 1
-7 G U6
n FE6 $ U?
n lv wkh rqo| frvw vkdulqj uxoh wkdw vdwlvhv +HWY, dqg
+UVS,1
Surri1 Lw lv hdv| wr fkhfn wkdw 1
-7 vdwlvhv +HWY, dqg +UVS,1 Dfwxdoo|/ wklv iroorzv
iurp Uhpdun < dqg Ohppd 81 Wxuqlqj wr wkh frqyhuvh/ ohw 1 d eh frvw vkdulqj uxoh wkdw
vdwlvhv +HWY, dqg +UVS, dqg jlyhq d sureohp E'c 5 U6
n FE6 frqvlghu wkh vhtxhqfh
ri frvw vkdulqj sureohpv E'ccE' 2cccE' ?c zkhuh wkh ' duh wkh lqwhuphgldwh
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 E'3
? n
; 5qij






dqg vr rq1 Wkxv/ 1 E'c'1
-7 E'c
Uhpdun 4< Dfwxdoo|/ 1
-7 vdwlvhv wkh vwurqjhu Idlu Udqnlqj zlwk uhvshfw wr vwdqg0dorqh
frvw1
Fruroodu| 4< Ohw d uxoh 1 G U6
n F E6 $ U?
n eh ghqhg iurp d uxoh 1
 G U?














lv wkh udgldo uhgxfwlrq ri E'c Li 1
 vdwlvhv wkh Vhuldo Sulqflsoh +VS,
d q gH t x d oW u h d w p h q wr iH t x d o v+ H W H , /w k h q1'1
-7
Surri1 E| Ohppd 8/ li 1
 vdwlvhv +VS,/ wkhq 1 vdwlvhv +UVS,1 E| Uhpdun </ li 1

vdwlvhv +HWH,/ wkhq 1 vdwlvhv +HWY,1 E| wkh fkdudfwhul}dwlrq ri 1
-7c zh fdq frqfoxgh wkdw
1 lv 1
-7
Uhpdun 53 Vlqfh 1
-7 lv fkdudfwhul}hg e| +HWY, dqg +UVS, dqg vlqfh 1
-7 grhv qrw vdwlvi|
Ghpdqg Prqrwrqlflw| +GP,/ wkhuh lv qr frvw vkdulqj uxoh wkdw vdwlvhv +HWY,/ +UVS,/ dqg
+GP,1 Pruh lqwhuhvwlqj/ wklv uhvxow lv wljkw1 Lqghhg/ wkhuh h{lvwv dw ohdvw rqh uxoh wkdw vdwlvhv
+UVS, dqg +GP,/ iru lqvwdqfh 1
7 W k h u hl vd o v rd wo h d v wr q hu x o hw k d wv d w l v  h v+ H W Y ,d q g
+GP,/ iru lqvwdqfh wkh uxoh ghqhg e|=
1 E'c'
S E ^ 
S
 M S E ^ 
E ' 
Vsuxprqw +4<<;, suryhv wkh iroorzlqj wkhruhp1
Wkhruhp 53 +Vsuxprqw, Ohw  ' ij;  1W k h q /1
GU ?
n F E ? $U ?
nlv wkh rqo| frvw
vkdulqj uxoh wkdw vdwlvhv Ruglqdolw| +R,/ +VS,/ Lqghshqghqfh ri Qxoo Djhqwv +LQD,/ Udqn
Lqghshqghqfh ri Luuhohydqw Djhqwv +ULLD,/ dqg V|pphwu| +V,1
63Iurp Fruroodu| 48/ zh nqrz wkdw lq Wkhruhp 4;/ zh fdqqrw uhsodfh vlpxowdqhrxvo|
+HWY, zlwk +HWH, ru +V, dqg +UVS, zlwk +VS,1 Pruhryhu/ +R, lv ghqhg iru wkh vlqjoh jrrg
frqwh{w1 Wkxv/ Vsuxprqw*v fkdudfwhul}dwlrq ri wkh D{ldo Vhuldo uxoh 1
 grhv qrw fduu| ryhu
wr wkh pruh jhqhudo frqwh{w1 Frxog zh rewdlq d vlplodu fkdudfwhul}dwlrq ri wkh Udgldo Vhuldo
uxoh e| uhsodflqj +R, zlwk +HVL, dqg +VS, zlwk +UVS,B Dv lw wxuqv rxw/ 1
-7 vdwlvhv +HVL,/
+UVS,/ +LQD,/ +ULLD,/ dqg +V, exw zh h{klelw dqrwkhu uxoh wkdw vdwlvhv wkh vdph frqglwlrqv1
Wr ghqh wklv uxoh/ zh uvw sduwlwlrq  lqwr wzr vxevhwv  dqg 2 vxfk wkdw 6 ' 6
lpsolhv icj ru icj 2Wkhq/ jlyhq d frvw ixqfwlrq  5 FE6 dqg wkh lqgxfhg
ixqfwlrqv SccS ?cghqh wkh ixqfwlrqv 	 S G FE6  U
6
n $ Unc' cc?ce|
	 S E+'
+
S E +  li  5 
wSE+ li  5 2
zkhuh w lv dq| srvlwlyh uhdo qxpehu1 Ohw 	 FE6 eh wkh fodvv ri wkhvh ixqfwlrqv1 Hdfk ixqfwlrq

















 M  2
vlplodu wr wkh pryhphqw ri whfwrqlf sodwhv ri wkh hduwk fuxvw1 Lq wkh uxoh wr eh ghqhg/
djhqwv duh udqnhg dqg lqwhuphgldwh ghpdqgv duh frqvwuxfwhg xvlqj wkhvh ixqfwlrqv/ khqfh
wkh qdph whfwrqlf wkdw zh jlyh wr wklv uxoh1 Dfwxdoo|/ e| ydu|lqj w dqg wkh sduwlwlrq ri c
zh fdq rewdlq d zkroh idplo| ri vlplodu uxohv1
Ghqlwlrq 63 Jlyhq d sureohp E'c 5 U6
n  FE6c rughu djhqwv dffruglqj wr wkhlu
	 S E^G
	 S E ^ 	 S 2E ^ 2	 S ?E^ ?
Wkh whfwrqlf uxoh 1
A lv ghqhg dv iroorzv1 Iluvw/ lqwhuphgldwh ghpdqgv 	 'cc 	 ' ? duh
frqvwuxfwhg/ frpsrqhqw e| frpsrqhqw/ lq wkh iroorzlqj zd|
	 ^
 ' ^ ;   5 
	 ^
 ' 4 E^c^ (	 S c	 S ^  ;:5

















Wkhruhp 54 Wkh uxoh 1
A G U6
n  FE6 $ U?
n vdwlvhv +HVL,/ +UVS,/ +LQD,/ +ULLD,/ dqg
+V,1
Wkh surri lv jlyhq lq Dsshqgl{ F1
Fruroodu| 55 Wkh Udgldo Vhuldo Uxoh 1
-7 G U6
n  FE6 $ U?
n vdwlvhv +HVL,/ +UVS,/
+LQD,/ +ULLD,/ dqg +V,1
Surri1 1
-7 lv 1
A zlwk w ' 
Iru krprjhqhrxv sureohpv/ 1
A lv h{dfwo| 1
-7 vlqfh 6 ' 6 ;c Wkxv/ wkhuh vwloo
uhpdlqv d srvvlelolw| wkdw/ lq wkh krprjhqhrxv frqwh{w/ 1
-7 frxog eh fkdudfwhul}hg e| +HVL,/
+UVS,/ +LQD,/ +ULLD,/ dqg +V, ru +HWH,1 Dv sduw ri wkhlu Wkhruhp 718/ Nrvwhu hw do1 +4<<;,
suhwhqg wr vkrz wkdw/ lq wkh krprjhqhrxv frqwh{w/ d frvw vkdulqj uxoh wkdw vdwlvhv +HVL,/
+UVS,/ +LQD,/ +ULLD,/ dqg +HWH, lv wkh Udgldo Vhuldo Uxoh 1
-7 Wkh iroorzlqj yduldqw ri
wkh whfwrqlf uxoh iru krprjhqhrxv sureohpv/ zklfk zh fdoo 1
AMcvkrzv wkdw wklv lv idovh1 Wkh
huuru ri Nrvwhu hw do1 zdv wr eholhyh wkdw wkh htxlydohqw sureohp wkdw wkh| ghqh lq wkhlu
surri lv krprjhqhrxv1 Iurp Uhpdun 7/ zh nqrz wkdw lw lv qrw1
Uhfdoo wkdw li E'c lv krprjhqhrxv/ wkhq ' 5 U?&
n dqg  lv ri wkh irup  Et '
S E
S ?
 ' + Pruhryhu S ' S ; Jlyhq d srlqw + 5 U&c ohw U+ eh wkh ud|v wkurxjk +c
l1h1 U+ '

% 5 U& G % ' q+c;q  f

 Dv d sduwlfxodu fdvh/ Uf ' ifj Jlyhq d sureohp
E'c 5 U?&
n FE?&c zh qrz sduwlwlrq  lqwr wzr vxevhwv  E'c dqg 2 E'c zkhuh
 E'c'i  5  G S E U ^  'd f c4 o j
 2E 'c' q   E 'c
Ilqdoo|/ zh ghqh wkh ixqfwlrqv 	 S G FE&  U&
n $ Unc' cc?ce|
	 S E+'
+
SE +  li + 5  E'c
wSE+ li + 5 2 E'
zkhuh w lv dq| srvlwlyh uhdo qxpehu1 Iurp qrz rq/ wkh ghqlwlrq ri 1
AM lv h{dfwo| dv iru 1
A
Wkhruhp 56 Wkh uxoh 1
AM G U ?&
n  FE?& $ U?
n vdwlvhv +HVL,/ +UVS,/ +LQD,/ +ULLD,/
dqg +HWH,1
65Wkh surri lv vlplodu wr wkh rqh ri Wkhruhp 54 dqg lv rplwwhg1 Zh vlpso| srlqw rxw







' SEU^ e| +HVL,1
Uhpdun 54 Wkdw 1
AM 9'1
-7 fdq eh vhhq e| frqvlghulqj wkh iroorzlqj krprjhqhrxv sureohp
E'c/z k h u h''E E 2 cfcEc dqg  lv ghqhg iurp SE+'+ 2n@E  K3+ zkhuh @ dqg
K duh qlwh qxpehuv vdwlvi|lqj @:fdqg K: Wkxv SEU^'d f c4 odqg SEU^2'd f cKoc




Zh kdyh vkrzq wkdw wkh Udgldo Vhuldo Uxoh/ sursrvhg e| Nrvwhu hw do1 +4<<;, iru wkh krpr0
jhqhrxv frqwh{w/ fdq eh h{whqghg wr wkh pruh jhqhudo frqwh{w zkhuh djhqwv ghpdqg vhyhudo
jrrgv wkdw fdq eh vshflf wr vrph ri wkhp dqg zkhuh djjuhjdwlrq pd| eh yhu| jhqhudo1 Df0
wxdoo|/ djjuhjdwlrq pd| eh vr jhqhudo dv wr lqyroyh rswlpl}dwlrq1 Krzhyhu/ zh kdyh ehhq deoh
wr fkdudfwhul}h wkh Udgldo Vhuldo Uxoh rqo| e| wkh Htxdo Wuhdwphqw ri Htxlydohqwv dqg wkh
Udgldo Vhuldo Sulqflsoh1 Wklv lv dovr wuxh lq wkh pxowl0jrrg krprjhqhrxv frqwh{w1 Wkh uxoh
vdwlvhv rwkhu surshuwlhv vxfk dv Lqghshqghqfh ri Qxoo Djhqwv/ Udqn Lqghshqghqfh ri Luuhoh0
ydqw Djhqwv/ Udgldo Ruglqdolw|/ dqg Udgldo Ghpdqg Prqrwrqlflw|1 Krzhyhu/ wkh odwwhu wzr
dqg wkh Udgldo Vhuldo Sulqflsoh duh frqvlghudeo| zhdnhu wkdq wkh fruuhvsrqglqj surshuwlhv
lq wkh vlqjoh sulydwh jrrg frqwh{w1
Lq hvvhqfh/ wkhvh zhdnhu surshuwlhv vd| vrphwklqj derxw krz frvw vkduhv vkrxog ehkdyh
zkhq ghpdqgv fkdqjh dorqj d ud|1 Dq|wklqj fdq kdsshq iru rwkhu w|shv ri fkdqjhv lq wkh
ghpdqgv1 Wklv lv qrw vxusulvlqj vlqfh lqwhuphgldwh ghpdqgv wkdw dsshdu lq wklv uxoh duh
frqvwuxfwhg e| uhgxflqj ruljlqdo ghpdqgv dorqj d ud|1 Ud|v duh exw rqh w|sh ri lqfuhdvlqj
sdwkv iurp wkh ruljlq1 Lqwhuphgldwh ghpdqgv frxog eh frqvwuxfwhg e| uhgxflqj ruljlqdo
ghpdqgv dorqj d glhuhqw sdwk1 Nrvwhu hw do1 +4<<;, suhvhqw wkhvh yduldqwv ri wkh Udgldo
Vhuldo Uxoh1 Rqh vkrxog wkhq h{shfw wkhvh yduldqwv wr vdwlvi| fruuhvsrqglqj yduldqwv ri
surshuwlhv vxfk dv Udgldo Lqyduldqfh/ wkh Udgldo Vhuldo Sulqflsoh/ dqg Udgldo Prqrwrqlflw|1
66D Surri ri Wkhruhp 47
Ohw 1 vdwlvhv +V, dqg +ZVS, dqg frqvlghu wzr surohv ri ghpdqgv 'c  ' 5 U6
n dqg d
v|pphwulf frvw ixqfwlrq  5 FE6G
^ ' ^  ^ c'2 cc? +46,
^   ^c'2 cc? +47,
1 E'c  1 E'c ;	 +48,































' 1 E'c +4<,
Frpelqlqj +4904<,/ zh jhw=





Wklv odvw lqhtxdolw| zloo qrw eh vdwlvhg iru doo frvw ixqfwlrqv1 Frqvlghu iru h{dpsoh wkh wzr
surohv=
' ' EE2ccEc2  ' ' EE2ccE2c
Zh kdyh=
'
 'E E 2 ccE2c




E +  n +2
 nE + 2 n +22

zkhuh  G Un $ Unc E  :f cdqg rwkhuzlvh duelwudu|1
67E Surri ri Ohppd 49
Ohw 1 G U6
nnFE6 $ U?
n vdwlvhv +IR, dqg +UVS, dqg frqvlghu wzr frvw vkdulqj sureohpv
E'c dqg E'c 5 U 6
nn  FE6 dqg d  5  vxfk wkdw +;, krogv1 Zlwkrxw orvv ri
jhqhudolw|/ vxssrvh wkdw
1 E'c  1?E'c






s E+'+ ; G^ 
'^ 





















' es E^  ;G^

  ^ 
zkhuh e lv wkh Qdshuldq qxpehu1 Wkdw lv/ ; G ^











  s E^ Ghqh=
'









































Frpelqlqj +54056,/ zh kdyh=
1 E'c'1 E '
c ;
dv uhtxhvwhg e| +ZVS,1
68F Surri ri Wkhruhp 54
+V,= Ohw  eh v|pphwulf dqg ^ ' ^ zlwk 	 1 Wkhq/ 	 S E^'	 S &E ^ &; &5d co Wklv




 E 'c dv uhtxhvwhg e| +V,1
+LQD,= Vxssrvh wkdw zh uhpryh dq djhqw & vxfk wkdw ^& 'fiurp d frvw vkdulqj sureohp1
Li &: czh kdyh 1
A
 E'c'f; & Uhprylqj & iurp wkh sureohp grhv qrw fkdqjh wkh
frqwulexwlrq ri djhqwv 	& Iru djhqwv :& cwklv dprxqwv wr uhprylqj wkh whup ri lqgh{


























Vlqfh 	 '& ' 	 '&3 'f cwklv ohdyhv wkh frqwulexwlrqv ri wkhvh djhqwv lqwdfw dv uhtxhvwhg e|
+LQD,1
+ULLD,= Frqvlghu wzr frvw vkdulqj sureohpv E'c dqg E'c5U 6
nFE6vxfk wkdw ^ '
^
 dqg ^ ' ^
 iru vrph c 5 Li 1
A
 E'c  1
A









z k l f kl qw x u q vp h d q vw k d w	 S E ^ 	 S E ^ Wkxv/ 	 S E^


















 E' cW k hf r q y h u v hl vd o v rw u x h /l 1 h 11
A





 E'c  1
A
 E'c Khqfh/ 1
A
 E'c  1
A




 E' c dv
u h t x h v w h ge |+ U L L D , 1
+UVS,= Frqvlghu wzr frvw vkdulqj sureohpv E'ccE'c5U 6
n FE6dqg d  5  vxfk
wkdw ^
 ' ^ dqg=
^
 ' ^ ; 5 qijG1E'c 	1 E 'c
^
 ' q^ iru vrph q   5 U ; 5 qijG1E'c  1 E'c








(	 S c	 S 

^ 
 '	 4  E^c^ (	 S c	 S ^ c




 E 'c dv uhtxhvwhg e|
+UVS,1







n dv wkh ud|0wr0ud| wudqvirupdwlrq1 Wkxv/ zh kdyh ' ' s

's
dqg s Et '
E sE t ;t 5 U6
n O h wx vz u l w h	 S
s
 iru e S
s





E + 'S E s E +  ' 	 S Es E+ ;+ 5 U
6





 E+'qSEsE+ ' 	 S Es E+ ;+ 5 U
6











zklfk phdqv wkdw wkh ud|0wr0ud| wudqvirupdwlrq ohdyhv wkh rughu ri djhqwv xqfkdqjhg1




 Jlyhq c 5  ohw V dqg Vs eh wzr uhdo



























































e| ghqlwlrq ri s1












duh rq wkh vdph ud| dqg vlqfh S lv































AE'c dv uhtxhvwhg e| +HVL,1
6:Uhihuhqfhv
^4` Ghdughq M1D1 +4<<;, Vhuldo Frvw Vkdulqj ri H{foxgdeoh Sxeolf Jrrgv= Jhqhudo Frvw
Ixqfwlrqv/ Hfrqrplf Wkhru|/ 45/ 4;<04<;1
^5` Nroslq Y1 +4<<9, Pxowl0Surgxfw Vhuldo Frvw Vkdulqj= dq Lqfrpsdwlelolw| zlwk wkh Dg0
glwlylw| D{lrp/ Mrxuqdo ri Hfrqrplf Wkhru|/ 9</ 55:05661
^6` Nrvwhu P1/ Wlmv V1/ dqg Erup S1 +4<<;, Vhuldo Frvw Vkdulqj Phwkrgv iru Pxowlfrpprglw|
Vlwxdwlrqv/ Pdwkhpdwlfdo Vrfldo Vflhqfh/ 69/ 55<05751
^7` Prxolq K1 dqg Vkhqnhu V1 +4<<5, Vhuldo Frvw Vkdulqj/ Hfrqrphwulfd/ 93/ 433<0436:1
^8` Prxolq K1 dqg Vkhqnhu V1 +4<<7, Dyhudjh Frvw Sulflqj yhuvxv Vhuldo Frvw Vkdulqj= Dq
D{lrpdwlf Frpsdulvrq/ Mrxuqdo ri Hfrqrplf Wkhru|/ 97/ 4:;05341
^9` Prxolq K1 +4<<7, Vhuldo Frvw Vkdulqj zlwk H{foxgdeoh Sxeolf Jrrg/ Uhylhz ri Hfr0
qrplf Vwxglhv 94/ 63806581
^:` Vkhqnhu V1 +4<<3, Pdnlqj Juhhg Zrun lq Qhwzrunv= D Jdph0Wkhruhwlf Dqdo|vlv ri
Jdwhzd| Vhuylfh Glvflsolqhv/ Plphr/ [hur{ Uhvhdufk Fhqwhu/ Sdor Dowr1
^;` Vsuxprqw \1 +4<<;, Ruglqdo Frvw Vkdulqj/ Mrxuqdo ri Hfrqrplf Wkhru|/ ;4/4 5 9 0 4 9 5 1
^<` Wlmv V1K1/ Nrvwhu/ P1+4<<;, Jhqhudo Djuhjdwlrq ri Ghpdqg dqg Frvw Vkdulqj Phwkrgv/
Dqqdov ri Rshudwlrqv Uhvhdufk/ Vshfldo Lvvxh +Jdphv dqg Srolwlfv,1
6;